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Abstract

Two dimensional (2D) moiré superlattices provide a highly controllable environment for
exploring the intertwined effects of strong electronic correlations, nontrivial topology and
unconventional superconductivity. Here we focus on the transition-metal dichlacogenide
(TMD) bilayers which lead to a moiré pattern when two identical monolayers such as WSe;
are stacked with a small twist angle or when different monolayers such as WS, and WSe,
are combined even in the absence of twisting. The main aim of this study is to develop a
unified theoretical understanding of unconventional superconducting state in TMD bilayers
based on the effective low energy 7—J and r—J-U models where the pairing mechanism
originates from kinetic exchange in the moderately and strongly correlated regimes. In
order to take into account the significant role of electron-electron interactions, we apply
the Gutzwiller approximation method. Our analysis reveal several key features: (i) The
emergence of topological superconductivity in twisted bilayer WSe; in the strongly correlated
regime, revealing two topologically non-trivial superconducting domes characterized by
mixed singlet (d + id)-wave and triplet (p —ip)-wave symmetry and a Mott insulating state
at half-filling which is consistent with the early experimental report; (ii) In the moderately
correlated regime and in the presence of intersite Coulomb repulsion term (V-term) we
demonstrate that superconductivity emerges only within a narrow window of displacement
field values, specifically when the Van Hove singularity aligns with half-filling, in qualitative
agreement with the subsequent experimental data; (iii) We show that the negative U-Hubbard
model, which results in conventional form of the paired state, does not fully resembles
the experimental situation which additionally suggests that unconventional character of
the paired state and significant role of electron correlations should be viewed as necessary
ingredients of the theoretical description of superconductivity in WSe, homobilayer; (iv)
Our numerical calculations show, that due to renormalization effects the considered pairing
mechanism allows the superconductivity to persist even for relatively large values of V which
are characteristic to WS,/WSe; heterostructure, what emphasizes the potential of this system
as another candidate for unconventional SC in the family of moiré flat band systems. Overall,
this study establishes that the theoretical framework based on the #-/-U model provides a

promising route towards unified description of SC in moiré TMD bilayers.



Streszczenie

Dwuwymiarowe (2D) supersieci moiré stanowia wysoce kontrolowalng platform¢ do badania
wzajemnie powiazanych efektow silnych korelacji elektronowych, nietrywialnej topologii
oraz niekonwencjonalnego nadprzewodnictwa. W niniejszej pracy koncentrujemy si¢ na
dwuwarstwach dichalkogenkéw metali przejsciowych (TMD), ktére prowadza do powsta-
nia struktury moiré, gdy dwie identyczne monowarstwy, takie jak WSe,, sa potaczone z
niewielkim katem skrgcenia lub gdy r6zne monowarstwy, takie jak WS, i WSe;, sa potaczone
nawet bez skrecenia. GIéwnym celem pracy jest opracowanie spdjnego opisu teoretycznego
niekonwencjonalnego stanu nadprzewodzacego w dwuwarstwach TMD w oparciu o efekty-
wne niskoenergetyczne modele t—J oraz t—J-U, w ktérych mechanizm parowania wynika
z kinetycznej wymiany w rezimach umiarkowanych i silnych korelacji. Aby uwzglednic
istotng role oddziatywan elektron-elektron, zastosowano metodg¢ przyblizenia Gutzwillera.
Nasza analiza ujawnia kilka kluczowych wynikéw: (i) pojawienie si¢ topologicznego nad-
przewodnictwa w skreconej dwuwarstwie WSe, w rezimie silnych korelacji, z dwiema
topologicznie nietrywialnymi koputami nadprzewodzacymi o mieszanej symetrii singletowej
(d +1id) oraz trypletowej (p —ip), a takze stan izolatora Motta przy polowicznym zapetnieniu,
co jest zgodne z wczesnymi wynikami eksperymentalnymi; (ii) w rezimie umiarkowanych
korelacji oraz w obecnosci oddzialywania kulombowskiego migdzy weztami (V) wykazu-
jemy, ze nadprzewodnictwo pojawia si¢ jedynie w waskim zakresie wartosci prostopadtego
pola elektrycznego, gdy osobliwos¢ Van Hove’a pokrywa si¢ z potowicznym zapelnieniem,
co jakosciowo zgadza si¢ z pdZniejszymi danymi eksperymentalnymi; (iii) pokazujemy, ze
model Hubbarda z ujemnym U, prowadzacy do konwencjonalnego stanu sparowanego, nie
odtwarza w petni sytuacji eksperymentalnej, co wskazuje, ze niekonwencjonalny charakter
parowania oraz istotna rola korelacji elektronowych sa kluczowymi elementami opisu teorety-
cznego nadprzewodnictwa w dwuwarstwie WSe;; (iv) nasze obliczenia numeryczne pokazuja,
ze dzigki efektom renormalizacji rozwazany mechanizm parowania pozwala na utrzymanie
nadprzewodnictwa nawet dla stosunkowo duzych warto$ci V, charakterystycznych dla het-
erostruktury WS,/WSe,, co podkresla potencjat tego uktadu jako kolejnego kandydata do
niekonwencjonalnego nadprzewodnictwa w rodzinie ukladéw z waskimi pasmami moiré.
Podsumowujac, niniejsza praca pokazuje, ze formalizm teoretyczny oparty na modelu ¢-J-U
stanowi obiecujaca droge do spdjnego opisu nadprzewodnictwa w dwuwarstwach moiré
opartych o TMD.
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Chapter 1
Introduction

In recent years, moiré systems have attracted considerable interest because they offer access
to a range of remarkable phenomena driven by electron correlations including unconventional
superconductivity (SC), correlated insulating phases, exotic magnetic features and topological
states [1-7]. The key advantage of moiré superlattice systems lies in their ability to allow
precise tuning of the electron density through gate voltage, thus avoiding the disruptive
effects associated with chemical doping. Moreover by changing the twist angle, one can also
tune the strength of electron-electron correlations [8—10]. These systems combine versatile
physical properties with exceptional tunability, making them promising platforms for next
generation superconducting electronics and quantum information technologies. At the same
time, they provide a controlled setting for understanding correlated electron phenomena and
uncovering the microscopic origins of unconventional SC where topology, symmetry and
strong electronic correlations cooperate to produce novel states.

In this chapter, we briefly review the historical development of unconventional SC before
turning to moiré flat band physics, which shares key features with strongly correlated systems
such as high-T; cuprates [11].

1.1 Unconventional Superconductivity and Strong Correla-

tions

The discovery of SC by Kamerlingh Onnes in 1911 marked a milestone in condensed matter
physics [12] that was later complemented by the Meissner effect in 1933, which demon-
strated the expulsion of magnetic fields from superconductors and established SC as a distinct
thermodynamic phase [13]. Early theories including the London equations and Ginzburg

Landau theory described superconducting properties phenomenologically but did not explain
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the microscopic origin of electron pairing. A major breakthrough occurred in 1957 with the
Bardeen Cooper Schrieffer (BCS) theory, which explained SC as phonon mediated electron
pairing with an isotropic s-wave gap and the corresponding thermodynamic properties [14].
From the late 1970s onward, a series of superconductors have been discovered that could
not be explained within the BCS framework and led to the concept of unconventional SC.
The first evidence of unconventional pairing was reported in the heavy fermion compound
CeCu;Sij in 1979 [15]. In these materials, strong hybridization between conduction electrons
and localized f orbitals gives rise to heavy quasiparticles with effective masses hundreds
of times that of free electrons. Heavy fermions are characterized by unconventional gap
symmetries and a strong interplay with magnetism indicating a pairing mechanism beyond
conventional phonon mediation. In these systems, SC often coexists or competes with
antiferromagnetism and is widely believed to arise from spin fluctuation mediated pairing
[16, 17]. A transformative breakthrough came in 1986 with the discovery of high 7, cuprate
superconductors by Bednorz and Miiller [18], whose transition temperatures exceeded the
limits of conventional BCS theory (above liquid nitrogen). Subsequent experiments estab-
lished a d-wave order parameter with gap nodes and sign changes in the superconducting
wave function [19], clearly distinguishing them from conventional isotropic s-wave super-
conductors. In addition, strontium ruthenate is a superconductor with spin triplet pairing [20]
while iron based superconductors exhibit unconventional SC arises from anisotropic s-wave
pairing [21]. More recently, nickelates [22] and kagome metals AV3Sbs (A = K, Rb, Cs) [23]
have emerged as cuprate analogs, exhibiting intertwined SC, charge order and topological
phenomena. Together, these discoveries highlight the diversity of unconventional SC across
materials with varying lattice structures and electronic environments. Such systems are
typically characterized by strong or moderate electronic correlations and competing orders.
Unconventional superconductors are distinguished by nontrivial gap symmetries (d-, p-,
or extended s-wave), spin-triplet or mixed parity pairing states, proximity to competing
fluctuations (magnetic, charge, or nematic), and pairing mechanisms dominated by spin or
orbital interactions rather than phonons. In these systems, BCS theory fails to explain the
characteristic features of the superconducting state.

One of the most prominent examples of strongly correlated systems as well as un-
conventional superconductors are copper-based compounds. Their characteristic tempera-
ture—doping phase diagram exhibits a dome-shaped dependence on 7; and the emergence
of competing electronic orders such as antiferromagnetism and pseudogap see Fig. 1.1(a)
(adopted from [24]). The undoped parent compounds are antiferromagnetic (AFM) charge
transfer insulators with high Néel temperatures. The antiferromagnetism is rapidly sup-

pressed on both electron and hole doping, giving way to a superconducting dome with a
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Fig. 1.1 (a) Phase diagram of cuprate superconductors as a function of doping, showing the evolution
from the antiferromagnetic Mott insulator to the superconducting dome and strange metal phase.
Taken from Ref. [24].

(b) Momentum dependence of the superconducting gap measured by ARPES, illustrating the
anisotropic gap structure and its evolution along the Fermi surface. This figure is obtained from Nat.
Phys. 10, 483-495 (2014). (c) Three dimensional ARPES intensity plot showing quasiparticle disper-
sion near the nodal direction, with linear energy-momentum relation and well-defined quasiparticle
velocity. Sourced from Phys. Rev. Lett. 104, 207002 (2010).

maximum 7, near optimal hole doping (6 ~0.1-0.2). As identified by APRES measurements,
the gap exhibits strong angular depedance reaching its maximum near the antinodal region
and continuosly decreasing toward the nodal direction (cf. Fig. 1.1 b,c). On the hole-doped
side, a broad pseudogap regime extends above the superconducting dome and terminates
at a critical doping, while charge and spin density modulations develop in the underdoped
region and may coexist or compete with SC. At higher doping, the normal (strange) metallic
state emerges above T, evolving toward conventional metallic behavior [24]. Further, the
hole doped cuprates exhibit charge density wave and incommensurate spin density wave
correlations in the underdoped regime, where they coexist and compete with SC. Beyond
optimal doping, the pseudogap phase terminates and the system gradually evolves toward a
more conventional Fermi-liquid like metallic state at low temperatures [25]. Despite decades
of research, a unified theoretical picture remains elusive, with proposed mechanisms ranging
from Coulomb driven pairing and magnetic spin fluctuations to more conventional phonon
mediated scenarios.

To capture these complex phenomena, modern theoretical approaches very often employ
strongly correlated lattice models that explicitly incorporate Coulomb interactions and
competing electronic orders. These studies are based on the Hubbard model, which describes
the competition between kinetic energy and onsite Coulomb repulsion (U) [26], and its
extension, the extended Hubbard model which accounts charge and spin instabilities [27].
In the strong coupling limit, the Hubbard model leads to the —J model framework, where
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Fig. 1.2 Temperature—carrier density phase diagram of magic-angle twisted bilayer graphene (M1,
0 = 1.16°), showing the longitudinal resistance R,,. A correlated Mott-like insulating state emerges
near half-filling, flanked by metallic regions. Superconducting domes appear adjacent to the insulating
phase, as indicated by the dashed boundaries. (Adopted from Ref. [1]).

double occupancy is prohibited and superexchange interactions (J) provide an effective AFM
coupling between neighboring spins, potentially driving electron pairing with d-wave gap
symmetry [28]. Together, these theoretical frameworks provide a coherent foundation for
understanding unconventional SC in strongly correlated electron systems, a central focus of
modern condensed matter physics. Within such approaches, strong electronic correlations
play a central role in unconventional SC, which often emerges near Mott insulating phases,
as in the cuprates, where large U localizes electrons near half filling, and doping induces
phenomena such as pseudogaps [29], nematicity [30] and strange metal behavior [31] (cf.
Fig. 1.1(a)).

1.2 Moiré Superlattices: From Twisted Bilayer Graphene

to Twisted Transition Metal Dichalcogenides

In recent years another group of correlated systems has gathered significant interest in the
context of unconventional SC. These systems are formed by stacking two monolayers with
a small twist angle or lattice mismatch, resulting in a long wavelength moiré superlattice.
The size of the unit cell depends on the twist angle. Moreover in the momentum space
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Ry (k) B | —

Fig. 1.3 Schematic carrier density-temperature phase diagram of the magic angle twisted bilayer
graphene. As one can see the superconducting state appears in close proximity to the correlated
insulating state, which resides at all integer moiré band filling factors.

(Extracted from Ref. [32]).

a minibrillouin zone is created but most importantly for proper twist angles, flat bands
appear on the electronic structure which points to the role of strong correlations. The
emergence of correlated insulating (commonly known as mott insulating) state and SC
phases in moiré materials has opened a new era for exploring strongly interacting quantum
phases in condensed matter physics. Currently, the vast majority of moiré quantum materials
are mostly graphene and transition-metal dichalcogenide (TMD) based [1, 2, 8, 33-35].
Twisted bilayer graphene (TBG) marked the first experimental realization in which moiré
engineering dramatically flattened electronic bands near the magic angle ( 1.1°), strongly
enhancing electron electron interactions and giving rise to correlated (Mott) insulating
states and SC [1, 2]. In addition, interaction driven topological phases, including Chern
insulating states with quantized anomalous Hall response, have been experimentally observed
at certain integer fillings [36, 37], highlighting the rich interplay between strong correlations
and topology in moiré systems. These findings provided the first clear evidence that band
flattening in moiré materials can drive strong correlation effects, establishing TBG as a highly
tunable model system for studying the interplay of electron correlations, SC and nontrivial
topology. Interestingly, similarly as in cuprates, the correlated insulating phases emerge at
integer moiré band filling factors while superconducting domes appear upon slight doping
away from these insulating states as depicted in Fig. 1.2 and 1.3. This intimate relationship
suggests that SC in TBG is strongly influenced by electronic correlations and may arise from
the same underlying interaction driven physics that stabilizes the insulating phases. Moreover,
experiments on twisted double bilayer graphene proximitized by WSe, have demonstrated



Introduction

R (k)
10

Insulating Jete 8

Temperature (K)

]
]
1
I
I
I
I
]
I
1
1
]
I
1
1
]
)

n (x10'2 cm™)

Fig. 1.4 Resistance as a function of temperature and density for a twist angle of 5.1° at D= 0.45
V/mm~!. The density is varied with Vg, while V,g ia at -12.25 V. Two zero-resistance regions, which
suggests a transition to superconducting behavior, appear when doping away from the insulating state
(adopted from Ref. [8]).

gate tunable SC domes in both valence and conduction bands near van Hove singularities
(VHS) [38]. These include interaction driven ferromagnetism and anomalous Hall effects near
fractional fillings [36], the intrinsic quantized anomalous Hall (Chern insulating) state [37],
nematicity and rotational symmetry breaking [39], orbital magnetism/valley polarization [32]
and correlated Chern insulators in aligned graphene/hBN structures [40]. These fundamental
discoveries paved the way for correlated insulating and superconducting states in magic-
angle TBG and naturally extend to twisted TMD systems, where stronger moiré potentials
and intrinsic spin orbit coupling (SOC) give rise to even richer correlated and topological
phenomena.

The second prominent family of moiré systems are the TMD-based multilayers formed
from twisted or stacked MoS,, MoSe;, WS, and WSe, monolayers [41-43]. Compared to
graphene, flat bands in TMD moiré systems are more robust to twist angle variations, possess
sizeable band gaps, and exhibit spin valley locking due to broken inversion symmetry which
are absent in graphene based moiré materials [35, 44—48]. Despite these differences, Mott
insulating states and SC have also been observed in twisted WSe, (tWSe;) [8, 10, 49, 50]
and tMoTe; [51, 52]. Rapid advances in TMD fabrication and synthesis continue to expand
the study in these systems [53]. Experimentally, twisted TMD bilayers have revealed a



1.2 Moiré Superlattices: From Twisted Bilayer Graphene to Twisted Transition Metal
Dichalcogenides

variety of correlation driven phases emerging due to moiré physics [8, 10, 42, 46, 49, 50].
These studies show that the emergent phases in twisted TMD bilayers are governed by
strong electron electron interactions, valley physics and symmetry breaking rather than
weak coupling mechanisms [41, 48, 54]. An exotic quantum phases driven primarily by
electron—electron interactions in the tWSe; bilayers is also theoretically observed [41, 55].
Continuum and Hubbard based models reveal chiral and topological characteristics in this
system [56, 57]. Mapping tWSe; onto effective triangular lattice Hubbard models establishes
a direct connection between continuum descriptions and lattice Hamiltonians, enabling
systematic studies to already experimentally exploited exotic quantum phases [42].

Beyond twist engineering, moiré superlattices have also been realized via lattice mismatch
in vertically stacked WS,/WSe, heterobilayers leading to correlated insulating states and
excitonic localization [35, 58, 59]. The heterobilayers have stronger interactions than the
homobilayers [60]. An additional motivation for studying the heterobilayer system is that
both experimental observations and theoretical analyzes indicate that on-site and intersite
Coulomb repulsion play a significant role [35, 58, 61-65]. In particular, a significant value
of V (intersite repulsion integral) in WS,/WSe; heterobilayers drive charge ordering and
generalized Wigner crystallization as experimentally observed at certain fractional fillings
[35, 58, 63—65]. However, SC has not been experimentally verified in this system.






Chapter 2
Experimental Data and Motivation

The past half decade has witnessed remarkable progress in the exploration of correlated phases
in moiré TMD bilayers, notably tWSe; and WS,/WSe;. In this chapter, we systematically
analyze the experimental data and key phenomenology related with the physics of moiré
bilayers with the emphasis placed on the superconducting state. This will set the stage
for next chapters, where we develop many body theoretical frameworks and compare our
theoretical results with these experiments.

For the first time, Wang et al. reported low-energy flat bands with signatures of collec-
tively correlated phases in tWSe; bilayers within the twist angle range of approximately
4°-5.1°. The system was precisely tuned by controlling the carrier density n, dual gating
(displacement field D) and twist angle. They identified a correlated insulating state at half
filling and observed signatures of two superconducting domes, corresponding to electron and
hole doping, away from half filling, with SC appearing below 3K at 5.1° (cf. Fig. 2.1) twist.
They further showed that the insulating state remains unchanged under increasing magnetic
field, indicating a non-ferromagnetic ground state identified as an AFM insulating phase. In
addition, they mapped the phase diagram and demonstrated that the position of the VHS
evolves continuously as a function of D. With increasing D, the VHS shifts from low filling
|n/ns| < 0.5 to higher filling |n/ng > 0.5, passing through half filling. It should be noted that,
despite the important discoveries reported by Wang in 2020, the superconducting state was
not unambiguously detected at that time.

Few years after, a strong experimental evidence of the superconducting state in tWSe;
has been reported by Xia et al., and Guo et al., [10, 49]. Fig. 2.2 compiles experimental
results from those two independent studies. The left panel (a) reports SC at a twist angle
of 3.65° in which a well defined Mott insulating state is observed precisely at half filling
at some non-zero values of the displacement field and SC emerges in close proximity to

this insulating phase, appearing at half-filling end near zero or small vertical displacement
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Fig. 2.1 (a) Resistance versus displacement field and normalized density near half filling for all the
measured angles (b) Resistance as a function of temperature and density for a twist angle of 5.1°
at D= 0.45 V/nm~!. The density is varied with V,g, while V,g ia at -12.25 V. Two zero-resistance
regions, which suggests a transition to superconducting behavior, appear when doping away from the
insulating state (adopted from Ref. [8]).

field [49]. In contrast in the second study, SC is not found exactly at half filling but instead
develops on the hole doped side at larger twist angle of ~ 5.0°, slightly away from the half
filled Mott state and requires a relatively larger D [10]. This apparent shift of the SC/Mott
insulating state away from the half filling may arise from uncertainty in the determination
of the band filling, as indicated in the right corner of Fig. 2.2 (c). Taken together, these
experiments demonstrate that although SC consistently emerges in close proximity to a
correlated (likely AFM) insulating state, its precise location in band filling and displacement
field strongly depends on the twist angle. This highlights the delicate interplay between
moiré band structure, strong electronic correlations and electric field tunability in tWSe;
moiré systems.

A key advance characteristic reported recently in another experimental paper is the
systematic dependence of the correlated phases on the twist angle in the tWSe; moiré
bilayers (cf. Fig. 2.3) [50]. In this experiment, they revealed a rich phase diagram including
an AFM insulator, superconducting domes and strange metal. As shown in Fig. 2.3, the
ground state evolves systematically with hole filling and displacement field. At small twist
angles, the half filled insulating state is robust and centered near small E, whereas increasing
the twist angle weakens the correlated insulating phase, shifts it to higher displacement fields.
This observation is consistent with the theoretical study which shows broadening of the upper
valence moiré band with increasing twist angle. As shown in Fig. 2.3, SC begins to emerge
around twist angles of 3.5°-3.6° and at higher angles (~ 4.6°—4.7°), it appears around half

10
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((a) panel taken from Refs. [49] and (b), (c) [10]).

filling under large E. Although Guo et al., observed SC slightly away from half filling at
high D, their filling fraction was uncertain. Here, we clearly see resolve an insulating state
exactly at half filling for small D and at larger angles for higher D, SC arises near the AFM
Mott insulating phase (see magnified phase diagram), underscoring the interplay of strong
correlations and SC in tWSe, moiré systems. It should also be noted that according to this
experimental analysis, the SC state can also be stable at half-filling for small enough D,
leading to single dome behavior. Despite these advances, a microscopic understanding of the
superconducting mechanism in tWSe, remains incomplete, particularly with regard to the
role of electronic correlations, VHS and their interplay with emergent magnetic phases.

Another moiré material that shows some similarities with tWSe; is WS,/WSe, where
moiré pattern emerges due to lattice mismatch. Most importantly, correlated insulating
states have been identified at half filling of WS,/WSe,. Moreover, the system exhibits
correlated insulating phases at a variety of fractional band fillings (cf. Fig. 2.4), consistent
with interaction driven charge ordering or Wigner crystal formation [34, 35, 63, 66]. These
experimental data indicates that in WS,/WSe; not only the onsite repulsion but also the longer
range Coulomb interaction plays the central role. It should be noted that SC has not yet been
experimentally observed in WS,/WSe, heterobilayer moiré system. However, the strong
tendency towards interaction driven ordering provides a clear motivation to theoretically
investigate whether and under what conditions SC may emerge in this lattice mismatch
induced moiré platform.

This PhD thesis aims to develop a unified theoretical understanding of unconventional su-
perconducting state in tWSe, homobilayer within the 7-J and #-J-U model-based approaches

where pairing is induced by substantial kinetic exchange. We determine the fundamental
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Experimental Data and Motivation
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Fig. 2.3 Longitudinal resistance of tWSe, across twist angles. Maps of the longitudinal resistance
R measured at T = 1.6K and B =0T as a function of displacement field £ and hole filling factor v
for twist angles spanning 2.1° to 4.7°. Pronounced correlated insulating states are visible at v =1,
1/3, and 1/4 for the smaller twist angles. These insulating features weaken with increasing twist and
become indiscernible near 8 = 4.7°, consistent with a reduction in correlation strength as the moiré
period decreases. Close-up view of the dashed box in panel showing the longitudinal resistivity poo
as a function of filling factor v and vertical electric field £ (at 7 = 50 mK and B =0 T) for device
(4.6° twisted WSe;). The white circle marks the location of the highest superconducting transition
temperature 7.. The grey region indicates experimentally inaccessible values of pgg. (Sourced from
Ref. [50]).
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Fig. 2.4 (a,b) Representative measurements from Ref. [63] illustrating the emergence of strongly
correlated insulating states and tunable electronic phases in moiré superlattices. Here (a) The colorbar
AR/R represents the relative reflectance contrast, which probes changes in the optical conductivity
and excitonic resonances, and thereby provides information about the underlying electronic structure
and correlated states and Panel (b) presents AR/Ry highlighting correlated insulating states at integer
and fractional fillings and their temperature dependent evolution. (c,d) Results from Ref. [58]
demonstrating interaction driven phenomena and signatures of nontrivial band topology in WS,/WSe;
moiré heterostructure.

12



features of the paired state such as pairing symmetry, topological properties as well as the
response to experimentally controlable parameters. We analyze the role of SOC and the
effect of density of states (DOS) evolution on the obtained results. An important part of our
study is the reconstruction and understanding of the experimentally observed phase diagram
in the band filling-displacement field plane. Additionally, we compare the results obtained in
the main part of the analysis with an alternative approarch based on the negative-U Hubbard
model which generates a more conventional type of paired state.

Due to similarities between tWSe, homobilayer and WS,/WSe, heterobilayer, we also
analyze the possibility of the paired phase appearance in the latter. Due to enhanced amplitude
of the intersite Coulomb repulsion (V) in this system, we focus here on the -J-V and t-J-U-V
models. Therefore, we aim at determining the influence of such circumstances on the paired
state and most importantly analyzing if the considered unconventional superconducting state
can still persist in the range of significant values of the intersite Coulomb integral within the
real-space pairing scenario. We also investigate the role of long range hopping and exchange
interactions in shaping the SC. As SOC plays a central role in determining the topological
character of the phases, we also find the topological features in both systems, as it constitutes
a key ingredient for the realization of experimentally robust and technologically relevant
topological SC.
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Chapter 3

Models and Methods

In this chapter, we discuss the basics of theoretical description appropriate for correlated
electron systems. In particular, we provide the theoretical framework which is used in this

thesis to investigate the unconventional superconducting phase in moiré TMD systems.

3.1 Models for Strongly Correlated Electron Systems

The simplest minimal model for correlated electrons in a narrow band is the single-band
Hubbard model

Auw= > 1j¢l ¢jo+U Y Aniy (3.1)

(ij).0 i

where éja (Cic) are the operators of creation (annihilation) of an electron with spin o at the
lattice site 7 and A5 = cAjGé,-c;. The first term describes the kinetic part with so-called hopping
amplitudes 7;;, while the second term corresponds to onsite electron-electron repulsion. The
competition between kinetic delocalization and Coulomb repulsion governs the physics
of the model. Despite its apparent simplicity, the Hubbard model exhibits a wide range
of physical phenomena. In the weak coupling regime (U <« t), the system behaves as a
metal with renormalized quasiparticles, whereas in the strong coupling limit (U >>t), charge
fluctuations are suppressed which means that electrons stop moving freely between sites,
and additionally the system can develop magnetic order [68—70]. Furthermore, it has been
extensively studied as a prototype model for unconventional SC. In particular, numerical and
analytical studies have reported the emergence of superconducting phases within the Hubbard
model, especially in two dimensional lattices [71-74]. The schematic phase diagram of the
Hubbard model on a square lattice as a function of Coulomb repulsion and hole doping 6 is

shown here in Fig. 3.1 which has been obtained with the use of Diagrammatic Expansion of
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Fig. 3.1 Schematic phase diagram of the Hubbard model as a function of Coulomb repulsion U and
hole doping 6 (8 = 0 corresponds to half-filling). The diagram shows the paramagnetic (PM) metallic
phase at weak coupling, a BCS-like superconducting (SC) region at intermediate interactions, and a
non-BCS superconducting phase in the strong-correlation regime. The red dashed line denotes the
evolution of optimal doping &, for which the SC gap amplitude is the largest for a given U. Adopted
from Ref. [67].

the Gutzwiller Wave Function method. As one can see according to this study the system
remains in a paramagnetic metallic phase in the weak coupling regime (small U). However,
with increasing U and finite doping, a superconducting phase emerges. Note that for the
case of moderate correlations (U ~ W, where W = 8¢ is the bandwidth), the superconducting
state is already stable but relatively weak. The BCS-like and non-BCS regions correspond
to positive and negative kinetic energy gain at the transition to the superconducting state
(for details see Ref. [67]). At half filling (6 = 0) and for strong correlations U > W a Mott
insulating state is formed which suppresses pairing and moves the optimal doping away from
0 =0 with further increase of U.

Numerous other studies have shown that the Hubbard model can support unconventional

SC with d,a_,

insulating, magnetic and superconducting phases across varying interaction strength and

» pairing symmetry [24, 75, 76]. Thus, the model unifies the description of

carrier concentration. On a 2D square lattice, SC emerging from the Hubbard model is most

commonly associated with d,2_,,

lattice geometry, where the superconducting order parameter changes sign between the x and

» pairing symmetry. This pairing state reflects the underlying

y directions and the resulting gap function has nodes along the diagonals of the Brillouin
zone (A(Kk) ~ cosky,—cosky). Such a structure is favored by repulsive interactions, as it allows
electrons to pair while minimizing U. The d,»_,,
for cuprate superconductors where the dome like behavior and the d-wave character of the

»-wave paired state is particularly relevant

order parameter have been reported experimentally.

16



3.1 Models for Strongly Correlated Electron Systems

AN AW &

Fig. 3.2 Schematic illustration of the evolution of Hubbard subbands across the Mott transition. With
increasing interaction strength, the single-particle spectrum splits into lower and upper Hubbard bands,
separated by an interaction-driven gap. The three panels represent the regimes of weak, intermediate,
and strong correlations, highlighting the formation and separation of spectral weight. The shaded
regions indicate the occupied states, with the Fermi level & shown for reference. This figure is made
by me, inspired by the schematic representation in Ref. [77]

An important feature of the Hubbard model is the formation of Hubbard subbands at
half-filling which correspond to the Mott-Hubbard metal-insulator transition. For t << U,
added electrons (holes) occupy well-separated Hubbard subbands of width zt, where ¢ is the
nearest neighbour hopping amplitude and z is the lattice coordination number. The lower
and upper Hubbard band is separated by an energy scale of order U. This splitting reflects
the cost of double occupancy and leads to a profound restructuring of the electronic DOS.
The schematic illustration of this band splitting is represented in Fig. 3.2, where the spectral
weight is redistributed into two distinct subbands corresponding to singly occupied and
doubly occupied configurations. The figure illustrates the evolution of the electronic structure
within the Hubbard model as a function of the interaction strength U /t. For small U /t, the
system behaves as a metal, while increasing U leads to band splitting. Beyond a critical
interaction strength, a Mott gap opens, resulting in a transition to an insulating state. In
practice the Mott insulating state often exhibits magnetic ordering leading to AFM Mott
insulator.

In the limit U >> ¢, charge fluctuations are suppressed and double occupancy is projected
out, yielding an effective 7-J Hamiltonian [78] derived via a second-order Schrieffer Wolff

transformation.

N L Aoa 1,

H;; = Z ti]'C}LGCjo- +JZ(Si'Sj—Znﬂ’l]’) (32)
(ij).o (ij)

A central feature of the #-J model is its natural tendency towards the AFM order at half filling.

In the absence of doping, the kinetic term is ineffective i.e., projected fermionic operators

Cic act in a restricted Hilbert space that forbids double occupancy and the Hamiltonian
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reduces to the Heisenberg model. The exchange coupling J = % originates from second
order virtual hopping processes, although electrons cannot permanently occupy the same
site due to the large U, they can temporarily hop to form a doubly occupied intermediate
state and then return. These virtual processes lower the energy when neighboring spins
are antiparallel, giving rise to an AFM superexchange interaction leading to a long-range
Néel AFM ground state on bipartite lattices. The 7-J model thus captures the essential low
energy physics of doped Mott insulators, where charge motion and spin correlations are
strongly intertwined, and has played a foundational role in theoretical descriptions of high-7;
cuprates. Its formal derivation is strictly valid in the limit U — oo, where double occupancy
is completely excluded, although it is often used as an effective model in very large but finite
U. This reflects the strong correlation-driven localization of electrons, where charge degrees
of freedom are frozen and low-energy physics is governed entirely by spin fluctuations.

Upon doping mobile holes are introduced into the system and the interplay between
kinetic energy and spin exchange becomes highly nontrivial. The motion of holes frustrates
the underlying AFM background, as each hopping process tends to disrupt the spin alignment
favored by the J-term. This competition gives rise to rich physics, including the suppression
of long-range AFM order and the emergence of short range spin correlations. One of the
most remarkable consequences of this interplay is the appearance of unconventional SC.
Within the 7-J framework, the same J responsible for antiferromagnetism can mediate an
effective attractive interaction between electrons. This leads to the formation of singlet pairs
with predominantly d-wave symmetry, as supported by variational and numerical studies.
Unlike SC originated from conventional BCS, where pairing is driven by phonons. Here, the
pairing mechanism is purely electronic in origin and arises from strong correlations.

As already described, starting from the Hubbard model and considering the large-U limit,
double occupancy is projected out, and an effective kinetic exchange interaction emerges
leading to the 7-J model. However, in the regime of weak U, double occupancy remains
allowed even near half-filling, and the kinetic exchange mechanism becomes less significant.
The #-J-U model is considered an effective approach dedicated to the situation when U
is in between the two limiting situations. If U is substantial and not infinite, the double
occupancies are small but non zero, therefore U term should be present in the Hamiltonian.
At the same time, the spin-spin kinetic exchange interaction already starts to develop. In
order to explicitly take into account both effects, the 7-J-U model is used. The #-J-U model
has been proposed already some time ago and discussed in the context of general properties
of correlated electron systems [79-83]. The concept is very much related to the so-called
Gossamer superconductivity introduced by Laughlin [84] and discussed by F. C. Zhang [85].
It has also been shown that the approach based on the #-J-U model allows to reproduce
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Fig. 3.3 (a) Atomic structure of a monolayer WSe; shown in side and top views, illustrating its
hexagonal lattice. The lattice constant is a ~ 0.33nm. The monolayer consists of a tungsten (W) layer
sandwiched between two selenium (Se) layers. (b) Moiré superlattice formed in twisted bilayer WSe,,
along with the corresponding Brillouin zone reconstruction. The figure is sourced from Ref. [8]

selected fundamental properties of cuprates quantitatively [67]. The #-J-U model corresponds

to the following form of hamiltonian

H= 3 tj6i5ejo+J 32 8;-8;+U Y iy (3.3)

(ij).o (ij) J
Thus, the #-J-U model provides a controlled and flexible theoretical framework to describe
correlated phases in the presence of explicit kinetic exchange term and possible non-zero

double occupancies which are significantly suppressed by the U-term.

3.2 Modeling of Moiré Superlattices

Here we discuss the theoretical approach to modeling of TMD moiré superlattices by focusing
on the two particular systems which are tWSe, homobilayer and WS,/WSe, heterobilayer.
In the following we start with the homobilayer and than move to the heterobilyer case.

It should be noted that a WSe, monolayer forms a hexagonal structure (see Fig. 3.3(a))
and is a semiconductor with a direct band gap of ~ 1.7 eV. After joining two such monolayers
with the application of some small twist angle, a moiré structure is formed, characterized

by a miniBrillioun zone and flat electronic bands formed at the top of the valence band
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Fig. 3.4 ARPES curvature plot of twisted WSe, bilayer showing the valence band dispersion near
the I'-K direction. The enhanced contrast highlights the band structure features, with representative
dispersive branches indicated by arrows (A, B, and C). The horizontal axis corresponds to the in-plane
momentum k|, while the vertical axis shows the binding energy relative to the valence band maximum.
This figure is adopted from Phys. Rev. Lett. 131, 046401 (2023).

(Fig. 3.3(b) and (c)). The creation of such bands has been reported experimentally with
the use of ARPES (Fig. 3.4). The flat electonic bands indicate the significant role played
by electronic interaction. At the same time calculation methods dedicated for interacting
electron systems are characterized by relatively high complexity and/or they require large
computational resources. Therefore, an important point of any theoretical approach aimed
at understanding the electron correlation effects begins with the determination of minimal
effective model. In general, for the case of moiré systems one can distinguish between two
approaches. The first one can be considered as more standard one and has been extensively
applied to previously known correlated systems like cuprates. Namely, this approach is based
on first principle calculation according to Density Functional Theory, which allows one to
determine the band structure as well as to project the obtained result onto a simplified tight
binding Hamiltonian in real space which takes into account only the most relevant degrees
of freedom. The obtained minimal model supplemented with various interaction terms, due
to their simplicity allow to account for significant electronic correlations as well as analyze
various exotic states. The projection itself can be carried out with the use of Wannierization
procedure or by simply fitting the tight binding hopping parameters so as the resulting bands
reconstruct the ab initio result. This approach has been applied by Wang et al [8] in order
to determine an effective model that describes the single flat moiré band of tWSe,. The

resulting tight-binding Hamiltonian on a triangular lattice with spin and direction dependent
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Fig. 3.5 Phase of the complex hoppings to the nearest neighbors for spin up (a) and spin down (b)
electrons

complex hoppings parameters is given by

Ho = tijo ¢ ¢jo, (3.4)

ijo

where ¢ = +1 represents spin up/down, 6;6 and ;s are the creation and anihilation operators
for the electron with spin ¢ at the site i of a triangular lattice, and #; ;s denotes the hopping
amplitude between neighboring sites i and j. As Wang et al., considered hoppings up to
the fifth nearest neighbors in this tWSe; moiré bilayer [8]. However, the interactions are
taken into account up to the third nearest neighbor in our theoretical analysis. These hopping
parameters have complex, spin dependent phases reflecting the underlying spin-valley locking
which comes as a result of Ising type SOC. The complex hopping parameters, ¢; ¢, satisfy

the hermiticity requirement (7;j5 = 1, ), the time-reversal symmetry condition (7;j5 = tl?;. &)

ijo
the threefold rotational symmetry (C3), and can be explicitly expressed in the following form

lijo = |tl|ei¢if" = |ll|€i6v’7¢, 3.5

Here, the index [ = 1,2, 3 labels the distance from the neighbor where #1, t, and 3 correspond
to the first, second and third nearest neighbor hopping amplitudes, respectively. The hopping
strength |t;| depends on the distance between lattice sites and the phase is given by ¢ =
oV;;j¢, with v;; = +1 set by the bond direction. The resulting complex phases of the hoppings
for all the six nearest neighbors and for both spins are shown schematically in Fig. 3.5.
It should be noted that D affects both the absolute values and the complex phase of the
hoppings (cf. Fig. 3.6). In Fig. 3.7 we show how the variation of D impacts the spin splitting
of the resulting Fermi surface and shifts the VHS from higher to lower band fillings. This
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Fig. 3.6 (a) Magnitude of the hopping and (b) Phase factor ¢ as a function of the displacement field D.
The data shown in (a) and (b) are taken from Ref. [8] calculated for a twist angle of 8 = 5.08° and are
used in the present analysis.

behavior is primarily governed by the D-dependent phase factor ¢. In the limit of very small
D, where ¢ ~ 7, the hopping amplitudes are nearly real. As a result, the distinction between
spin up and spin down Fermi surfaces remains minimal as can be seen in panel (f), indicating
negligible spin splitting and an approximate Cg rotational symmetry. With increasing D, ¢
progressively deviates from 7, introducing a growing spin dependent imaginary component
to the hopping terms. This enhances the spin splitting of the Fermi surface and drives a
reduction in symmetry from Cg to C3, which becomes clearly manifested at larger D. Such
simple model given by Eq. (3.4) allows to reconstruct the single moiré band of tWSe; in an
effective manner.

An alternative approach which, however, leads to the same structure of the single particle
hamiltonian is based on the so-called continuum model. For the case of moiré systems where
relevant physics occurs on length scales much larger than the atomic lattice spacing, the
continuum model provides a natural framework for low-energy degrees of freedom. This
approach allows us to reconstruct the band structure resulting from the characteristic moiré
pattern with the unit cell consisting of tens or even hundreds of atoms without explicitly
taking them into account in our calculations. Instead, an effective continuous periodic
potential and position dependent tunneling term are introduced mimicking the effect of the
moiré pattern of atoms. Such an approach has been applied by Pan et al [86] in connection
with the maximally localized Wannier functions in order to derive a minimal single band of
tWSe,. At low energies, the continuum model thus serves as a bridge between microscopic

lattice physics and effective many body descriptions.
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Fig. 3.7 Evolution of the electronic structure and Fermi surface topology in tWSe; homobilayers as a
function of displacement field D.

The basics of such continuum model approach is provided in the following for the case
of tWSe; homobilayer. It should be noted that the two valleys (K, and K_) of such a system
are well separated in the momentum space (cf. Fig. 3.3). The non interacting continuum
Hamiltonian for the K valley is given by:

2 2
(et o B
e ; P (k-x_)> ’ '
TT(I') SR e +A_ (I‘)

The above Hamiltonian is expressed on the basis of the two layers, where the diagonal terms
describe the individual layers and the off-diagonal terms account for interlayer coupling.
The kinetic energy terms —% correspond to the motion of carriers within each layer,
where m* is the effective mass of the valence band. The momentum shifts k. arise due to
the relative twist between the two layers and represent the displacement of the K-points in
momentum space for the upper (+) and lower (=) layers. The terms A, (r) denote the moiré
potentials experienced by electrons in each layer. These potentials originate from the spatial
modulation induced by the moiré pattern and vary periodically in real space. They play a
crucial role in reconstructing the electronic structure and giving rise to moiré minibands. The
off-diagonal terms 7' (r) and T (r) describe the interlayer tunneling between the two layers.
This coupling allows electrons to hop from one layer to the other and leads to hybridization of
the layer resolved states. As a result, the electronic bands are no longer purely layer-localized,
and new moiré bands emerge. The continuum Hamiltonian defined above leads to the band

structure provided in Fig. 3.8 (a), (b) for selected model parameters and can serve as the
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Fig. 3.8 (a) Band dispersions along high symmetry directions of the moiré Brillouin zone, showing the
formation of minibands and gap openings. (b) Corresponding local density of states, highlighting the
redistribution of spectral weight and the emergence of localized states. (c) Effective triangular lattice
model for the first moiré band shown in (a). The cyan, red, and orange markers denote the R}, Rﬁ
and RI;(” positions in the tWSe; moiré superlattice, respectively. This figure is extracted from [86].

starting point for Wannierization of the isolated moiré valence bands, producing localized
orbitals on the triangular moiré lattice shown schematically in Fig. 3.8 (c).

When the first moiré valence band is topologically trivial, a localized Wannier state
centered at R = 0 in the +K valley is constructed from the Bloch eigenstates of the continuum

Hamiltonian H; as

W (r) > wi(r), (3.7)

1
B \/N keBZ

Here yk(r) is the Bloch wave function and N is the number of k points in the moiré Brillouin
zone. The flat bands are Wannierized using maximally localized Wannier functions centered
at real space maxima. Projecting H; onto these functions gives a tight-binding model with
well defined hoppings. As shown in Ref. [86], in order to construct an effective description
of the topmost moié valence band, a triangular lattice of Wannier orbitals leads to the same
structure of the single particle Hamiltonian as the one resulting from ab initio approach given
by Eq. 3.4. Wannierization of the moiré valence bands in the tWSe; bilayer has also been
carried out in other studies [41, 57]. The resulting Wannier models accurately reproduce the
narrow valence band dispersion and provide a reliable low energy framework for correlated
many body studies.

The comparison between the ab initio DFT-based calculations and the continuum model
approach has been carried out in Ref. [41] for the case of twist angle 8 =5.08°. In Fig. 3.9 we
provide the result of this study where the black dots represent the DFT band structure, while
the solid curves denote the fitted continuum model. For the top two isolated moiré valence
bands, the agreement is essentially exact with the fitted band lying directly on top of the
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Fig. 3.9 The continuum band structure (blue lines) is plotted in comparison with large scale density
functional theory calculations (black dots) at twist angle 6 = 5.08° showing excellent agreement in
tWSe, moiré bilayer. This figure is Chosen from Ref. [41].

DFT data. This near perfect matching justifies the use of the corresponding Wannierization
parameters within a single and two band model for low energy physics. In contrast, for
three-band descriptions, small deviations appear in the lower energy bands, indicating that
these models provide only qualitative, rather than fully quantitative agreement. As discussed
by Devakul et al., this supports the validity of the single and two-band approximation at low
energies.

While the tight binding Hamiltonian Hj successfully captures the single particle band
structure, it does not include electron-electron interactions, which are expected to play a
crucial role due to the narrow bandwidth of the moiré band. In particular, both the onsite and
intersite Coulomb interaction (U and V') become relevant in such systems. To capture both
finite U and kinetic exchange effects, the ¢-J-U model supplemented by the V-term can be
regarded as an effective framework appropriate for the intermediate regime between weak to
strong correlations. Our considerations corresponding to the tWSe; are based on the ¢-J-U

model adopted to the single moiré band given by Eq. 3.4

] —_— .. A_i‘ A.
H= ) tijo ¢isCjo

(ij),o
Mezee, L inviogro- 1 —ovioa-e
+J(Z) (SfS§.+§e V1¢Si+Sj+§e vii®§; Sj.) (3.8)
ij
+UzﬁiTﬁjl +Vzlﬁiﬁj,

! (ij)

Z o+ o— . 1 . . . . A
Here S;, ST, S, are the spin component 5 z, rising and lowering operators, respectively, 7i;s

is the occupancy operator and #; = ¥ 5 fijs. The summation over (i, j) means that we limit to
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nearest neighbors only. The prime summation means that each bond between the lattice sites
appears only once. The subsequent terms of the above Hamiltonian correspond to electron
hopping, intersite exchange interaction and intrasite/intersite Coulomb repulsion.

An effective low-energy model of similar structure can also be constructed for the
WS,/WSe; heterobilayer moiré system by Wannierization of the continuum valence bands.
For this, L. Rademaker derived an effective tight binding model for the flat valence bands of
WS,/ WSe; heterobilayer using the continuum moiré band structure onto a localized basis
(Wannier-like orbitals) [87]. It is observed that a single TMD monolayer (WX, with X = S,
Se) creates a hexagonal lattice with rotational symmetry C3 and corresponds to a relatively
large direct band gap at the K and K’ points. After two different TMD monolayers are joined

in a heterobilayer, a moiré pattern emerges with a new lattice constant

1
\/a]—z + % —-2cos0/(ajay)

ay = (3.9

where a; and a; are the monolayer lattice constants and 6 is the twist angle. Moreover,

a mini Brillouin zone is created with the high-symmetry points I" = (0,0), x = (4—”,0),

V3am

K = ( 2z 2n ) Because the two monolayers have different band gaps, the top of the valence

3ay * 3ay
band of the resulting structure consists of states localized in a single layer. Within the

continuum model approach, the valence band states can be described per spin/valley by using
a moiré potential V (r). This leads to the following continuum Hamiltonian for the valence
band states [87]:

h2 Q2

S +V(r), V(r)=) gViexp(ig;-r), (3.10)
m j

H=-

where Q is the momentum relative to the K and K’ points of the monolayer and g; =
4m (—sin 22(-1) .og 2ﬂ(é—1))

NG —,C0 are the reciprocal moiré vectors. Due to the C3 symmetry
of the moiré€ lattice one obtains: Vy =V3 =Vs and V, =V, =V =V, with V| = Ve'V. After
carrying out a proper momentum backfolding procedure to the moiré miniBrillouin zone, the
moiré band structure can be calculated and then used during the Wannierization procedure
to obtain the hopping parameters of an effective single band description given by Eq. 3.4.
However, in this case the absolute values and the complex phases of the hoppings for the top
valence moiré flat band of the aligned AA-stacking of the WS,/WSe; heterobilayer with the

continuum model parameters (V,y) = (7.8 meV,—-106°), are
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[t)|=1.81 meV; ¢;=2m/3,
|t2| =0.28 meV; (])2:71',
[t3]=0.11 meV; ¢35 =m7/3. (3.11)

The values of the hopping parameters are adopted from the literature [87] and are used in
our theoretical analysis to reconstruct the single moié¢ band of the WS,/WSe; heterobilayer.
Similarly as in the homobilayer case we supplement the single particle part of the Hamiltonian
with the Coulomb repulsion and kinetic exchange interaction terms which leads to a -J-U
model based description (cf. 3.8). For the heterobilayer case, we include hoppings and
interactions up to the third nearest neighbors. Accordingly, the hopping amplitudes and
associated phases are taken as [t1[, |f2|, |t3] and @1, ¢», ¢3 corresponding to the first, second

and third nearest neighbors, respectively.

3.3 Gutzwiller Approximation

The Gutzwiller approximation is a variational method designed to incorporate strong local
electronic correlations beyond conventional mean field theory. It systematically incorporates
correlation effects by renormalizing hopping and interaction terms. It is particularly well
suited for lattice models of correlated electrons such as Hubbard and related models, where
U plays a dominant role.

In order to take into account electron-electron correlations, we apply the variational wave

function of the Gutzwiller type which is defined in the following manner

W) = P|Wy), (3.12)

where | W) is the non-correlated (mean-field) state and P is the correlation operator
P=T]> AriD)iiT], (3.13)
i T

where i runs over all the lattice sites, |I') € {|@), [1), | {), | 1)}, and A; i are the corresponding
variational parameters. It has been shown that for such a form of the correlation operator it is
convenient to impose an additional condition on the P operator[88], i.e.,

B2 =1+xd'", (3.14)
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where dHF = n’%’anF, nféF =fig —Nig, With njs = (Po|Aiic|Po), and x is yet another variational

parameter. It is straightforward to show that

Af: 1-xns(1-ny)?, (3.15)

A2 =1+xn?,

where for simplicity we have assumed a homogeneous system with no magnetic or charge
ordering. Hence, A;r = Ar and Ay = A, = Ay, njy = njy = ng.
In order to obtain the formula for the expectation value of our hamiltonian per lattice site,

(‘PG|H\‘PG> 1

N{¥al%e) N(H) (3.16)

we apply the diagrammatic expansion of the Gutzwiller wave function [89] in the zeroth order
which is equivalent to the Statistically consistant Gutzwiller Approximation (SGA)[83]. As
a result one obtains

(Ho) = Zqztija(éjaéjob,
ij
A / A R A R R
(Hj)g =7, (Z) Ji](z 3 efo2i(el ¢ i5C;5Cjo o+— oo’ (Al i 515)0) (3.17)
ij GO"

(HUV>G ANUZ npnj, O+V<z:> ((1 8v )(I’l,) <n])0+gv(ﬁﬁ >0)>
ij

where,

qzls()td”s"'lg(l_ns))a

(3.18)
gy =1+xns(1-ny),

while ¢ = ls(ldns +Ag(1- ns)) and () stands for the expectation value of the é operator in
the state |y)o. As one can see, the expectation value of a given energy term in the correlated
state |Wg), can be expressed in terms of the expectation values in the non-correlated state
|wo). However, factors g, A3, A, and g2 renormalize the hopping amplitudes as well as the
coupling constants J, U and V, respectively. Moreover, by applying the standard Wick’s
theorem decomposition one can express all the four-operator expectation values which appear

on the right-hand side of the above equation. Hence, the obtained E; becomes a function of
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3.3 Gutzwiller Approximation

ng as well as the electron hopping and Cooper pairing mean field parameters,
Pjo = (l5¢jc)o,  ST% = (Cistior)o, (3.19)

respectively. It should be noted that the expectation values in the non-correlated state
together with the variational parameters determine the corresponding expectation values in

the correlated state. Namely,

. o (3.20)
Aijo =(CiCjo)G =q(€;5Cjc )0

Within our analysis, we treat SI} and Sll; separately allowing for both pure spin-singlet pairing
(SZT } = —S} J.T), pure spin-triplet pairing (SIT_} = S}J.T) as well as their mixture (|SZT}| + |S}J.T|). At the
same time, we neglect the possibility of 11 and || pairing due to the fact that here the pairing
mechanism is based on the kinetic exchange term which is of AFM type. Additionally the
S% = +1 pairing channels would lead to a Fermi wave vector mismatch, which is detrimental
when it comes to the formation of the superconducting state.

In order to determine the values of the mean fields we apply the Effective Hamiltonian
Scheme[90]. Within such approach the minimization condition of the ground state energy
(3.16) leads to an effective Hamiltonian, which for our case has the following form

Hetr = Zfijoézroéjc -f Zﬁic
ijo ic

+ Z/ ((Aijcé)*@jcéia +h.c.),

<ij>o

(3.21)

where the effective hopping, effective chemical potential, and the effective superconducting

gap parameters are defined through the corresponding relations

dF

__oF IF __ OF
lJG_aBjc;’

Aiics)" = ———, = - (3.22)
( l_]O'G) aS;ylG ans

where F = Eg - 2ugns with L being the chemical potential determined in the correlated

state. For completeness, we explicitly present the effective model parameters below

> 1’4 * 20° * *
fiic =q* tijcs_-]js [2(Pij6) e'2%i +(Pjo) ]+85V(Pijd) ; (3.23)
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AOCG\* 1’94 5\x 208 56 % _
(AIQJG) :_J7‘ [2(550 612¢1]_(Sl§7jc7) ]+2Vg\2/(S?jG , (3.24)

i =pG-UAing—6Vns. (3.25)

After the transformation to the reciprocal space we write down the effective hamiltonian in

the matrix form

A=Y (el exs) | &o-B  Axso Cko

ko (Akso)* ~Eo+f |\ & (3.26)

ko
+ Z(ékG_.a);
ko

where 6 = —c and we have used the relation & = € ks (time reversal symmetry condition).
The effective dispersion relations as well as the superconducting gaps in k-space are related

with their real-space counterparts in the following manner

ékG - Z l’?‘ljelk(Rl—R])
i(j)
Axgo = Y. Ajigge*RiR),
i(j)

(3.27)

where i index runs over the nearest neighbor lattice sites of site j. The R; and R; vectors
point to the i and j lattice sites, respectively. The left-hand sites of the equations above do
not depend on j since we assume spaciously homogeneous state. The eigenvalues of the

hamitlonian matrix in Eq. (3.26) are the following

Ao = 2\ (Bio — )% + Bkoo - (3.28)

From the above equation, one can see that in the SC state the gap Ay " (AkT 1) opens up at the

spin up (spin down) Fermi surface. Moreover, the Ay 1t and AkT 1 SC gaps can be transformed
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3.3 Gutzwiller Approximation

Table 3.1 The six possible values of the symmetry factor M and the corresponding values of the
parity factor p (second column), appearing in Eq. (3.31). The corresponding six symmetries of the
superconducting gap together with their parities are provided in the third and fourth columns. The
Cooper pair spin state compatible with a given symmetry is provided in the fifth column.

M | p | gap symmetry | parity | spin state
0 | 0| extendeds even singlet
1|1 Px+ipy odd triplet
210 do_p+idy | even | singlet
311 f odd triplet
4 10| do_yp—idy | even | singlet
511 Px—1py odd triplet

into the singlet and triplet components,

1 -~ -

— (Akyy —Axyt),

) \? ) ) (3.29)
A= —= (At +Aiys),

A; -

N

which we can use to rewrite the expressions for the eigenvalues

- - I ~
ko = :I:\/(Sk(; —[)%+ §|A{(—6Af(|2. (3.30)

The paired state with A} # 0 and Af_ # 0 is referred to here as the mixed singlet-triplet paired
state.

The self-consistent equations for the mean field parameters [Eq. (3.19)] can be derived
in a standard manner by applying the Bogolubov-de Gennes approach to the effective
hamiltonian given by Eq. (3.26). By solving the set of self-consistent equations numerically
we determine the hopping and pairing amplitudes to all the six nearest neighbors. Than,
in order to obtain the correlated state correspondents we use Egs. (3.20). Similarly as in
our previous study[91], to identify the symmetry of the resultant paired state, we transform

the six real-space nearest neighbor pairing amplitudes into six symmetry resolved pairing
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L

Fig. 3.10 The k-dependent SC gaps corresponding to the six symmetries which appear as real and
imaginary parts of the pairing channels listed in Table 3.1. The Brillouin zone is marked by black
solid line. The presented distributions have been obtained by setting particular symmetry resolved
factors to 1 and all the others to 0.

amplitudes of the following form

AP, = % > e MOnASe, (3.31)
i(J)

where the summation runs over the six nearest neighbor lattice sites j surrounding site i and
0j; are the angles {0, ©/3, 27/3, &, 4m/3, 5m/3} between the positive half-x axis and the
R;; =R;-R; vector. M is the symmetry factor, which takes integer values and corresponds
to six possible pairing symmetries (cf. Table 3.1). The p parameter corresponds to the parity
of the particular symmetry. Namely, for even parity symmetries we have p = 0 and for odd
parities we have p = 1.

Finally, similarly as for the case of the momentum space [Eqgs. 3.29] one can write down

the expressions for the real-space singlet and triplet gap amplitudes in the correlated state,
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which will play the central role in our subsequent analysis

Avi,p = (A}l}p _All‘},p)/\/i’
Ny p= (Bl + 03 )[V2. (3.32)

For the sake of clarity, we use the symmetry names (p +ip, d +id, f etc.) in the subscripts of
the symmetry resolved SC gaps instead of the values of the M and p factors. In Fig. 3.10, we
present the six gap symmetries in reciprocal space, corresponding to the real and imaginary
parts of the pairing channels listed in Table 3.1. The magnitudes of the extended s-wave
and f-wave gaps exhibit full Cq rotational symmetry, indicating that these channels can exist
independently on the triangular lattice. In contrast, the remaining d,>_
not Cg symmetric. It should be noted that although the lattice itself possesses Cg symmetry,

2, dyy, dp,, and dpy are

the Hamiltonian does not fully retain this property due to the spin valley locking through
spin- and direction-dependent hopping terms. These lead to a reduction of the symmetry to
(3, which has further consequences for the pairing symmetry.

For calculations a C++ numerical code has been used, where matrix diagonalization and
integration over the Brillouin zone are carried out using efficient linear algebra libraries. The
code iteratively solves the coupled nonlinear equations for Ax and u until self-consistency is
achieved. At each iteration, the Gutzwiller renormalization factors are recalculated based on
the current filling level. Throughout the code the numerical routines provided by the GSL
library are used.

For the case of #-J-U model calculations, the procedure for solving the set of self-
consistent equations is supplemented with the minimization of the system energy over the
variational parameter x. For the case 7-J model which is also considered by us in our study, we
project out the double occupancies completely meaning that the x parameter is set according

to the following conditions

1
forny;<0.5: 44, =0 :x:—m
1 (3.33)
forng>0.5:A4=0 =>X=-—
nS
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Chapter 4

Articles overview

4.1 Topological superconductivity with mixed singlet-triplet
pairing in moiré transition metal dichalcogenide

bilayers

The work is motivated by recent experimental report of correlated insulating states and
possible superconductivity in TMD moiré systems [8]. Here, we employ an effective single
band #-J model on the triangular lattice in which hopping terms are complex and spin
dependent reflecting strong SOC and the influence of an external displacement field. To
capture strong electronic correlations, the model is treated within the variational Gutzwiller
projection framework. It should be noted that this research has been carried out when the
appearence of the SC state in moiré TMDs has not been unambiguously detected. At that time
Ref. [8] was the only experimental report which suggested signatures of two superconducting
domes residing on both sides of an insulating state. Our theoretical approach allows for the
exploration of the SC order parameters, their symmetry and topological properties.

The main finding reported here is the emergence of SC domes characterized by a mixed
singlet triplet gap structure, combining d + id (spin-singlet) and p —ip (spin-triplet) compo-
nents. This mixed pairing arises naturally from valley dependent spin splitting and breaks
time reversal symmetry. The resulting SC states are topologically nontrivial, with Chern
numbers C = +£2, +4, depending on the filling level and displacement field. This means that in
principle it should be possible to drive topological phase transitions between different SC
states by using experimentally controlable parameters in an in-situ manner. We also obtained
weaker extended s-wave and f-wave topologically trivial phases at low and high electron
concentrations for large value of exchange interaction (/= 10 meV) along with spin d +id

singlet and p —ip triplet which are energetically stable near half filling. Moreover, we also
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found that we can tune the relative strength of singlet and triplet pairing components by
changing the displacement field. The two SC domes separated by a mott insulating state at
half filling which we have obtained in our calculations are in agreement with experimental
observations provided in Ref. [8]. After submitting our theoretical analysis, new experiments
reported clear evidence of either two or one superconducting domes in tWSe, we refer to

those new experimental results further on in the subsequent articles.
Reprinted with permission from W. Akbar, A. Biborski, L. Rademaker and M. Zegrodnik,

Physical Review B 110, 064516 (2024). Copyright © 2024 American Physical Society
DOI: 10.1103/PhysRevB.110.064516 License number RNP/26/APR/104005.
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Topological superconductivity with mixed singlet-triplet pairing in moiré transition metal
dichalcogenide bilayers
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We investigate strong coupling topological superconductivity in twisted moiré bilayer WSe,. Our approach
is based on an effective 7-J model with displacement-field-dependent complex hoppings, which is treated with
the variational Gutzwiller projection method. The calculated phase diagram contains domes of topologically
nontrivial superconducting phases, with Chern numbers C = 32, +4. The order parameter is characterized by
a mixed (d + id)-wave (singlet) and (p-ip)-wave (triplet) gap symmetry. We also report on the appearance of
an additional topologically trivial extended s-wave and f-wave paired phases. As we show, by changing the
electron density and displacement field, one can tune the singlet and triplet contributions to the pairing, as well
as induce topological phase transitions between superconducting states characterized by different values of the
Chern number. We analyze the physical origin of the reported effects and discuss it briefly in the view of new
possibilities for designing unconventional superconductivity in moiré systems.

DOI: 10.1103/PhysRevB.110.064516

I. INTRODUCTION

In recent years, more and more two-dimensional systems
realizing a moiré pattern of atoms have been investigated,
as they provide a fertile ground for novel electronic states.
The characteristic moiré structure emerges after twisting two
or more monolayers with respect to each other, like in the
well-known twisted bilayer graphene [1-3]. A similar effect
can also be obtained as a result of lattice mismatch in het-
erostructures without the necessity of rotational misalignment
[4,5].

The common feature of moiré systems is the appearance of
flat electronic bands, which implies a significant role of elec-
tronic interactions. For graphene-based multilayers, the flat
bands can be realized only for specific twist angles (so-called
magic angles), for which the system exhibits an unusually
rich phase diagram [1-3]. For transition metal dichalcogenide
(TMD) moiré structures, the appearance of flat bands is more
robust with respect to the twist-angle deviations [5—10]. Evi-
dence of strongly correlated phenomena in the moiré TMDs
has been reported in recent years: amongst them metal-
insulator transitions [6,7], different forms of charge ordering
[11,12], as well as signatures of superconductivity [6,13].
We write “signatures” because the supposed superconducting
state has not been unambiguously detected experimentally
in Ref. [6]. Nevertheless, what distinguishes TMDs from
graphene-based moiré systems is that the former have a rel-
atively strong spin-orbit coupling. This would naturally imply
that the superconducting state in the TMDs can have some
nontrivial pairing symmetry.

*Contact author: michal.zegrodnik @agh.edu.pl
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The main focus of this paper is a theoretical exploration
of the possible superconducting phases in a twisted WSe,
homobilayer (tWSe,), for which “signatures” of superconduc-
tivity were observed [6]. The low-energy physics of tWSe;
is believed to be described by a single-band Hamiltonian on
a triangular lattice with both spin- and direction-dependent
complex hoppings [6,14]. The Hubbard U resulting from such
an approach is approximately U = W (W is the bare band-
width), which suggests that tWSe, is in a relatively strongly
correlated regime [6,14,15]. Indeed, the experimental phase
diagram suggests an insulating state at half-filling with ad-
jacent superconducting domes [6]. Even though the pairing
mechanism and the symmetry of the superconducting gap
are still unknown, the dome structure implies that supercon-
ductivity might arise purely from strong electron repulsion
through Hubbard or ¢-J models [16,17]. The Hubbard model
as applied to the description of homobilayer and heterobi-
layer moiré TMDs has been analyzed in the view of spin
and charge ordering, as well as the appearance of uncon-
ventional superconducting state [15,16,18-21]. For the case
of the paired phase these approaches resemble those that
have been applied earlier to the single-band models of the
well-known cuprates [22]. However, other proposals related to
TMD superconductivity, based on the spin-valley fluctuations
or interlayer excitonic physics, have also been put forward
[23,24].

In this paper we study the #-J model relevant for tWSe;
using the Gutzwiller approximation, and analyze in de-
tail the topological features of the obtained unconventional
paired states. The interesting peculiarity about TMD sys-
tems is that the moiré pattern generates a triangular lattice
system, which allows for quite nontrivial and possible topo-
logical order-parameter symmetries. In fact, we predict a
two-dome structure of mixed singlet-triplet superconductivity

©2024 American Physical Society
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(with d +id and p — ip gap symmetry mixing), separated
by a correlation-induced insulating state at half-filling. This
is consistent with our previous work on the 7-J-U model as
applied to the description of tWSe, [25]. Additionally, here
we show that the obtained mixed state is topologically nontriv-
ial with Chern number values C = +2, +4. Furthermore, we
focus on the effect of the displacement field by explicitly tak-
ing into account the appropriate complex hopping parameters.
By tuning the displacement field one can induce topolog-
ical phase transitions between phases with different Chern
numbers, as well as control the balance between the singlet
and triplet contributions to the pairing. Additionally, for low-
and high-electron concentration regimes we have obtained
a topologically trivial extended s-wave and f-wave paired
state. Our results show the TMD homobilayers as promising
candidates for topological superconductors characterized by a
high degree of tunability.

It should be noted that during the process of submission
of the current theoretical analysis, two experimental papers
have appeared, showing strong evidence of the supercon-
ducting state in the same system [26,27]. There are some
differences between the two very recent experimental papers
and the original one by Wang et al. [6], to which we are
mainly referring here. Namely, the measurements presented
in Ref. [6] suggest two superconducting domes residing on
both sides of the half-filled case, where the insulating state is
located. Such situation is consistent with the physical picture
stemming from our theoretical analysis carried out here within
the #-J model, which corresponds to a relatively large-U limit.
On the other hand, in the recent experimental reports [26,27]
only one superconducting (SC) dome is shown in particular
range of displacement field. Moreover, in Ref. [26], the SC
state is stable at half-filling, indicating that the system is in
relatively weaker U limit (U < W). In general, for tWSe, the
value of U is tuned both by the twist angle and the dielectric
constant. Therefore, it might be the case that both situations
are valid and can be reached in tWSe, (U > W and U < W),
depending on the particular parameters of the sample and the
experimental setup itself. In order to analyze theoretically the
U < W situation one would have to apply the Hubbard or
t-J-U models, which allow for nonzero number of double
occupancies unlike the current ¢-J Hamiltonian. The 7-J-U
model has already been considered by us in the context of the
paired state in tWSe; recently [25]. In fact, it has been shown
by us there that a single SC dome residing at half-filling (as in
Ref. [26]) can be reproduced for 50 meV < U < 90 meV (see
Fig. 5 in Ref. [25]).

The remainder of this paper is organized as follows. In
Sec. II we introduce the 7-J model relevant for tWSe, and
we describe our method of the Gutzwiller projected varia-
tional wave function. In Sec. Il A we provide our results
on the structure of the mixed singlet-triplet superconduct-
ing domes, while in Sec. IIIB we discuss the topological
classification of the phases. Additionally, in Appendix A
we briefly discuss the influence of nonzero double occu-
pancies within the 7-J-U model and relate the obtained
results with the recently reported experimental results [26,27].
Finally, in Sec. IV we provide an outlook on the experimen-
tal detection of topologically nontrivial superconductivity in
tWSe,.

__(h_] o=-—1

+¢ —o —@ +o

+¢ — —Q +o

FIG. 1. Phase of the complex hoppings to the nearest neighbors
for spin-up (a) and spin-down (b) electrons.

II. MODEL AND METHOD

In this work we apply a moiré band 7-J Hamiltonian on a
triangular lattice, i.e.,

A A N / AL A A A~
H="> tijy ehejo+1) (S;Sj +cos 2¢ijp) > 828¢
(ij)o (ij) a=x,y

+ sin (2¢UT)(S[ X Sj) . 2), (1)

where EI.TU (¢is) are the creation (anihilation) operators for

electrons at site i with spino = {1, —1}, and S,- = (S'j‘, S‘iy, S‘f)
is the spin-% operator. The summation over (ij) in both terms
is restricted to nearest neighbors only since the longer-ranged
contributions are expected to be about one order of magnitude
smaller [6]. The primed summation in the interaction part
means that each bond appears only once. The complex hop-
ping parameters ¢;, fulfill the Hermiticity requirement (f;jo =
17;,), time-reversal symmetry condition (#;j, = 135 ), threefold
rotational symmetry (C3), and can be explicitly expressed in
the form

lije = 1] = |t]e"i?, (©)

with v;; = &1, depending on the direction of the bond. The
resulting complex phases of the hoppings for all the six near-
est neighbors are shown schematically in Fig. 1. As one can
see from Eq. (1) the exchange interaction ~J is supplemented
with the Dzyaloshinskii-Moriya term which results from the
fact that the phase of the hoppings is spin dependent.

This form of the #-J model can be derived from the Hub-
bard model as applied to the description of the tWSe, in the
large-U limit. As shown in Refs. [6,14], within such approach,
both the absolute values of the hoppings (|¢]) as well as their
complex phase (¢) depend on the bias voltage across the
bilayer (the so-called displacement field D). This provides
an experimentally controllable parameter which can be used
to tune in situ the magnitude of the valley-dependent spin
splitting as well as the position of the Van Hove singularity
(cf. Fig. 2). The complex hopping parameters for the range of
displacement fields D € [0, 0.9] V/nm, that are used for the
analysis provided in Sec. II, have been taken from Ref. [6]
and are provided for the sake of clarity in Appendix B.

The 7-J model is one of the canonical models used for the
description of strongly correlated electron systems. In order
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(a) D =10.2V/nm D =0.6 V/um
e
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(¢) D=0.2V/nm D =0.6 V/nm
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FIG. 2. The spin-dependent Fermi surfaces at half-filling (a),
(b) and the density of states (c), (d) for two selected values of the
displacement field D = 0.2 (¢ =~ 77 /8) and D = 0.4 (¢ ~ 37 /4).
The data have been obtained based on the single-particle part of
Hamiltonian given by Eq. (1). Note that by changing the displace-
ment field one can tune the valley-dependent spin splitting as well
as the position of the Van Hove singularity. The Fermi surfaces in
(a) and (b) are of electronlike and holelike character, respectively.

to take into account electron-electron correlations, we apply
the variational wave function of the Gutzwiller type which is
defined in the following manner:

|We) = P|Wy), 3)

where | W) is the noncorrelated (mean-field) state and P is the
correlation operator

P=TT>_ xriDinrl, @)
i T

where i runs over all the lattice sites, |I") € {|@), | 1), | |
), | M)}, and X; r are the corresponding variational param-
eters. It has been shown that for such a form of the correlation
operator it is convenient to impose an additional condition on
the P, operator [28], i.e.,

A2 AHF
P2 =14 xd"F, )
where dff = pfFf nZF . AHF =fi — i, with  ne =

(Woliis |Wo), and x is yet another variational parameter.
It is straightforward to show that

Af, = 1+x(1—ny?,
A2 =1—xny(1 —ny), (6)
)Lé =1 +xn§,

where for simplicity we have assumed a homogeneous system
with no magnetic or charge ordering. Hence, A, = Ar and
A = Ay = A, nip =0, = n,. As a result, we are left with
only one variational parameter, x. Now, in order to project out
the double occupancies, what is required for the ¢-J model,

one has to set
1

fOI‘l’l_Y <05)"T¢ =0 =x= —m,
. @
forng > 05:15=0 =x=-—,
nS

meaning that for electron concentrations below half-filling the
double occupancies of electrons are prohibited, and above

half-filling the holons are prohibited.
In order to obtain the formula for the expectation value of

our Hamiltonian per lattice site,

Eg = W - l([-})a (8)
N(¥g|V¥g) N
we apply the diagrammatic expansion of the Gutzwiller wave
function (DE-GWF) [22] in the zeroth order which is equiv-
alent to the statistically consistent Gutzwiller approximation
(SGA) [29]. As a result one obtains

(H)o =Y qtijo (e ¢j)0

ij

4 2 /4T A AT A
+ A JZ ( Z el el 8o )0

(ij)

+ - ZO’U AHFAHF 0), )

where g = A [Agng + Ag(1 — ng)] and (0)¢ stands for the ex-
pectation value of the o operator in the state |)(. By applying
the Wick’s theorem one can decompose all the four-operator
expectation values which appear on the right-hand side of the
above equation. Hence, the obtained E; becomes a function
of x, ny as well as the electron hopping and Cooper pairing
mean field parameters

Pijo = (6,¢j0)0, 77 = (GiaCjor)o. (10)
respectively. It should be noted that the expectation values in
the noncorrelated state together with the variational param-
eters determine the corresponding expectation values in the
correlated state. Namely,

AT = (tiojo)6 = 4 (CinCjor )0,

Aija = (& ja)G = '€}y 1o 0. (1)
Since we are using the zeroth-order expansion of the
Gutzwiller wave function and do not consider the standard
onsite s-wave pairing scenario, the number of particles does
not change by the projection procedure ((fij; ) = (75 )0)-

Within our analysis, we treat S;ﬁ and Siif separately

allowing for both pure spin-singlet pairing (Sl.Tji = —Sij),
pure spin- triplet pairing (Sfj¢ = Sij) as well as their mixture
(|S | #* |S |). At the same time, we neglect the possibility
of TT and ¢¢ pairing due to the fact that here the pairing
mechanism is based on the kinetic exchange term which is
of antiferromagnetic type. Additionally, the S = %1 pairing
channels would lead to a Fermi wave vector mismatch, which
is detrimental when it comes to the formation of the supercon-
ducting state.
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In order to determine the values of the mean fields we apply
the effective Hamiltonian scheme [30]. Within such approach
the minimization condition of the ground-state energy (8)
leads to an effective Hamiltonian, which for our case has the

form
Hetr = E lijoCiyCioc — E ig
io

ijo

/ ~
+ > [(Aijos)¢jotis + Hel, (12)
(ij)o

where the effective hopping, effective chemical potential,
and the effective superconducting gap parameters are defined
through the corresponding relations

i =, Bigon)' = =0 (13)
ijo ji ng

where F = Eg — 2ugng with g being the chemical potential

determined in the correlated state. For the sake of complete-

ness we show explicitly the form of the effective model

parameters below:

4

- A o
fijo = q" tijo —J ?Y [2(Pi5)" €2 + (Pj )", (14)
4
(Re)' =7 22 [a(sgo) i — (s7)'], (9)

2
it = g — Urin,. (16)

After the transformation to the reciprocal space we write
the effective Hamiltonian in the matrix form

yo_ Z(éfw b)) (& — R Axso Cko
Heff - K (Akéo )* _gka + /1 éT—k&
(17)

+) (@ — ),
ko

where ¢ = —o and we have used the relation &, = €_is
(time-reversal symmetry condition). The effective dispersion
relations as well as the superconducting gaps in k space are
related with their real-space counterparts in the following
manner:

€ko = Zfijeik(R"fk-"),
i(j)

X X k(R —R;
Axso = ZAjiaéel ®—R0,
i(j)

(18)

where i index runs over the nearest-neighbor lattice sites of
site j. The R; and R; vectors point to the i and j lattice sites,
respectively. The left-hand sites of the equations above do not
depend on j since we assume spaciously homogeneous state.

The eigenvalues of the Hamiltonian matrix in Eq. (17) are

Mo = 2@ — 02 + | Agro I (19)

From the above equation, one can see that in the SC state
the gap Ayyy (Akqyy) opens up at the spin-up (spin-down)
Fermi surface. Moreover, the Ay 4+ and Axy, SC gaps can be

TABLE I. The six possible values of the symmetry factor M and
the corresponding values of the parity factor p (second column),
appearing in Eq. (22). The corresponding six symmetries of the
superconducting gap together with their parities are provided in the
third and fourth columns. The Cooper-pair spin state compatible with
a given symmetry is provided in the fifth column.

M )4 Gap symmetry Parity Spin state
0 0 Extended s Even Singlet
1 1 D +ipy Odd Triplet
2 0 do_p +idy Even Singlet
3 1 f Odd Triplet
4 0 da_yp —idy Even Singlet
5 1 Px—ipy Odd Triplet
transformed into the singlet and triplet components

< 1 . ~

Ap = E(AkTL — Axyp),

(20)

- | -
A = _2(AkN + Axyt)s

2

which we can use to rewrite the expressions for the eigenval-
ues

_ ~ 1, - <2
Ao =ﬂ:\/(€ka—u)2+§|Ai(—aAi‘(| ) (21)

The paired state with A} # 0 and A} # 0 is referred to here
as the mixed singlet-triplet paired state.

The self-consistent equations for the mean field param-
eters [Eq. (10)] can be derived in a standard manner by
applying the Bogoliubov—de Gennes approach to the effective
Hamiltonian given by Eq. (17). By solving the set of self-
consistent equations numerically we determine the hopping
and pairing amplitudes to all the six nearest neighbors. Then,
in order to obtain their correlated state counterparts, we use
Egs. (11). Similarly as in our previous study [25], to identify
the symmetry of the resultant paired state, we transform the
six real-space nearest-neighbor pairing amplitudes into six
symmetry-resolved pairing amplitudes of the following form:

_gp I
ATy =g 2o A @)
i(j)

where the summation runs over the six nearest-neighbor
lattice sites j surrounding site i, and 6; are the angles
{0, @ /3, 27 /3, =, 4w /3, 5w /3} between the positive half-
x axis and the R;; = R; — R; vector. M is the symmetry
factor, which takes integer values and corresponds to six
possible pairing symmetries (cf. Table I). The p parameter
corresponds to the parity of the particular symmetry: for even
parity symmetries we have p = 0, and for odd parities we have
p=1

Finally, similarly as for the case of the momentum space
[Egs. (20)] one can write the expressions for the real-space
singlet and triplet gap amplitudes in the correlated state, which
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FIG. 3. Superconducting gap amplitudes for the spin-singlet d +
id (a) and spin-triplet p — ip (b) symmetries as a function of band
filling n and exchange interaction energy J for the selected value of
the displacement field D = 0.4 V/nm.

will play the central role in our subsequent analysis:

By = Bl = MlpVE
Ay, = (AL, + Ay /N2

For the sake of clarity, in the following sections, we use the
symmetry names (p & ip, d £ id, f, etc.) in the subscripts of
the symmetry-resolved superconducting gaps instead of the
values of the M and p factors.

III. RESULTS

A. General features of the paired state

We now characterize the unconventional superconducting
state within the #-J model description of the WSe, homobi-
layer at twist angle & = 5.08°. This is the twist angle where, in
Ref. [6], “signatures of superconductivity” have been experi-
mentally observed. In particular, they observe an insulating
state at half-filling (n = 1 in our notation), with possible su-
perconducting domes around n &~ 0.86 and n =~ 1.16. Note,
that in Ref. [6] the band filling is expressed as hole density per
spin, in contrast to our paper where we use the total number
of electrons per lattice site (n = 2ny).

First, we set the hopping parameters to those corresponding
to the displacement field D = 0.4 V/nm and determine the
stability range and the symmetry of the obtained supercon-
ducting state. We scan the whole (n, J) plane. As one can see
from Fig. 3 a two-dome structure (similar to the experimental
results in Ref. [6]) of an unconventional paired state appears,
which is characterized by nonzero d + id spin-singlet as well
as p — ip spin-triplet amplitudes. Both gap amplitudes show
very similar behavior, though the triplet component is slightly
smaller. It should be noted that these are not two separate
solutions with different gap symmetries, but a single solution
for which both amplitudes are nonzero (a mixed singlet-triplet
state) meaning that |Ayy,| # |Ag 4| [compare to Egs. (19)
and (20)]. The appearance of a mixed paired state is a

0.03

(a)

0.02 ¢

A

0.01¢

0.09f (b)
2006/
0.03}

0.4 0.6 0.8 1 1.2 14 1.6
n

FIG. 4. (a) Superconducting gap amplitudes for the spin-singlet
d + id and spin-triplet p — ip symmetries as a function of band
filling n for selected values of exchange interaction energy J =
2.62 meV and displacement field D = 0.4 V/nm. (b) The expec-
tation value of the nearest-neighbor electron hopping for the same
model parameters as in (a).

consequence of the valley-dependent spin splitting. Indeed,
we verified that if one would have purely real hoppings with-
out spin-orbit coupling, there would be a doubly degenerate
Fermi surface with a pure spin-singlet d + id solution. Fi-
nally, since the exchange interaction term ~J is responsible
for the appearance of the pairing, the band-filling range for
which the SC state is stable is wider for larger values of J.

In order to determine the range of realistic values of J
we use the formula J = 4|¢|?/U, where U is the Coulomb
repulsion integral originating from the Hubbard model, which
serves as a starting point for the #-J model derivation. For
the case of tWSe,, it has been estimated that U is compara-
ble to the bare bandwidth W =~ 90 meV [6,14] what would
give us J ~ 3 meV. In practice by changing the twist angle
one can change the value of U, tuning the strength of the
correlations. Also, the dielectric constant which is modified
by the three-dimensional dielectric environment also signifi-
cantly influences U and is not precisely known. Nevertheless,
the calculations provided in Ref. [14] for the typical value of
dielectric constant € = 10 show that, for the twist angle close
to 5°, the onsite Coulomb repulsion should be U ~ 120 meV
which is larger than the bare bandwidth. Other estimates [6]
show that the crossover between the U <W and U > W
situations should appear close to the twist angle of 5° for the
dielectric constant € & 6.

In Fig. 4 we show the band-filling dependence of the SC
gap amplitudes for a selected typical value of J = 2.62 meV,
which corresponds to U 2 W (close to the moderately corre-
lated regime). As can be explicitly seen at half-filling (n = 1)
both the pairing and the expectation value of the nearest-
neighbor electron hopping (|A|) are suppressed, which is a
manifestation of the insulating state at half-filling.

Apart from the (d + id)- and (p — ip)-wave solution visi-
ble in Figs. 3 and 4 we have also obtained an extended s- and
f-wave solution which, however, is much weaker and requires
relatively larger values of the J parameter to become stable.
In Fig. 5 we provide the results for / = 10 meV, where in the
low- and high-electron concentration regimes the mentioned
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FIG. 5. (a) Superconducting gap amplitudes for the spin-singlet
d +id and spin-triplet p —ip symmetries as a function of band
filling n for selected values of exchange interaction energy J =
10 meV and displacement field D = 0.4. In (b) and (c) we show the
low- and high-electron concentration regimes where a mixed singlet
extended s- and triplet f-wave solution becomes stable.

extended s- and f-wave paired state is shown to create two
additional SC domes as a function of band filling. As one can
see, the gap amplitudes A} __ and A’, are approximately one
order of magnitude smaller than the p- and d-wave solutions
A}y s A,y This situation resembles the one obtained ear-
lier for a much simpler model with intersite real-space pairing
on a square lattice, in which a d-wave superconducting state
becomes stable around half-filling and an extended s-wave
paired state resides in the low- and high-electron concentra-
tion regimes (see Fig. 2 in Ref. [31]). In this study, due to the
triangular lattice and the complex hoppings, the gap symmetry
is more exotic being of mixed singlet-triplet type.

Next, we turn to the analysis of the effect of the displace-
ment field on the paired state. For that, we set the typical
value of the exchange interaction J = 2.62 meV, and solve the
set of self-consistent equations for different complex hopping
parameters, which correspond to different displacement fields.
In order to make the obtained phase diagram more smooth
we have applied interpolation to the data provided Ref. [6]
where the complex hopping parameters for 14 values of the
displacement field in the range D € [0, 0.9] V/nm have been
provided. As one can see in Fig. 6, for low values of D,
the spin-singlet component to the pairing is dominant while
for large D the situation changes in favor of the spin-triplet
component. It should be noted that for D & 0 the imaginary
part of the complex hoppings is close to zero, meaning that the
valley-dependent spin spitting is very small. This will promote
the spin-singlet state. On the other hand, for purely imaginary
hoppings one would obtain a pure spin-triplet state (similar to
our previous result in Ref. [25]). However, this situation is not
reached in the considered range of D values. Nevertheless, the
result provided in Fig. 6 shows that by adjusting the displace-
ment field one should be able to tune the balance between the
singlet and triplet contributions to the pairing.

Another effect which is visible in the (n, D) diagram is that
the stability regime of the SC state moves towards lower con-
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FIG. 6. Superconducting gap amplitudes for the spin-singlet d +
id (a) and spin-triplet p — ip (b) symmetries as a function of band
filling n and displacement field D for J = 2.62 meV. In (c) we show
the electron hopping expectation value in the correlated state as a
function of n and D. The position of the Van Hove singularity which
influences the behavior of the superconducting gap is provided in (d).

centrations with increasing D. This is caused by the fact that
the Van Hove singularity changes its position while increasing
the displacement field [see Figs. 6(d), 2(c) and 2(d)]. The
superconducting state is stabilized by the high density of states
at the Van Hove singularity. Consequently, the behavior of the
superconducting gap amplitudes reflects the evolution of the
Van Hove singularity with increasing D. Of course, at half-
filling (n = 1) there is still an insulating state with suppressed
pairing amplitudes, regardless of the Van Hove singularity.
The same applies to the expectation values of the electron
hopping which is provided in Fig. 6(c) for completeness. This
last result reflects the experimental situation in which also
the appearance of the insulating behavior corresponds to the
half-filled case in wide range of D values [6].

It should be noted that instabilities toward mixed singlet-
triplet pairing of d 4+id and p —ip as well as extended
s- and f-type has been recently reported in the Hubbard
model as applied to the description of tWSe; in the regime
of relatively weak correlations (U < 0.7 W) within func-
tional renormalization group (FRG) method [32]. Also, for
very weak Coulomb interactions (U < 0.3W) p+ip,d + id,
and g + ig pairing symmetries have been identified and their
interplay with spin-polarized pair density waves has been
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FIG. 7. Superconducting gap as a function of momentum for the pure (d + id)-wave (a), (p — ip)-wave (b), extended-s-wave (e), and
f-wave (f) gap symmetries together with the mixed gap symmetries |A*(k) £ A"(K)| (c), (d), (g), (h). Note that in the mixed states, the
|A*(k) — A’(K)| and |A*(K) + A’(K)| gaps open at the spin-up and spin-down Fermi surfaces, respectively [cf. Eq. (21)]. The nodal points (if
they appear) are marked by the black dots together with the topological charge (Chern charge) next to it. The Chern charges provided here
have been calculated for the case of electronlike normal-state Fermi surface (counterclockwise superconducting gap’s phase winding). For the
case of holelike Fermi surfaces the sign of the Chern charges changes to opposite.

analyzed, however, without the singlet-triplet mixing appear-
ance [20].

To understand the role of symmetry in the mixed paired
state, we provide in Fig. 7 the momentum dependence of
the pure d + id-, p — ip-, extended-s-, and f-wave gap sym-
metries, together with the mixed gap symmetries that have
been obtained by us here in proper parameter ranges. As
one can see all the pure gap symmetries fulfill the sixfold
rotational symmetry, while for the mixed states the symmetry
is reduced to Cs, which is the one obeyed by our Hamiltonian
with valley-dependent spin splitting. Hence, the reduction of
symmetry due to the spin splitting incorporated in the minimal
model naturally leads to singlet-triplet mixing in the super-
conducting state. Also, it should be noted that for the mixed
states, |AS(k) — A’(k)| and |A*(k) + A’(k)|, gaps open at
the spin-up and spin-down Fermi surfaces, respectively [cf.
Eq. 21)].

As can be seen from Fig. 7 the d +id and p — ip gap
symmetries as well as their mixtures all have nodal points in
the Brillouin zone for which the gap is exactly zero (marked
by black dots). This is not the case for the extended-s-,
and f-wave gaps, as well as their mixtures, for which only
nodal lines appear. Each nodal point comes with a topological
charge (Chern charge) which is also provided in the figure and
can lead to a nonzero Chern number of a given paired state.
A detailed analysis of the topological features of the mixed
d + id and p — ip superconducting state is presented in the
next subsection.

B. Topological properties of the paired state

We now analyze in detail the topological properties of the
mixed singlet-triplet superconducting state. Since the paired
states studied here spontaneously break time-reversal symme-
try, their classification is given by the Chern number [33].
We calculate the Chern number with the use of the Brillouin
zone triangulation method [34]. As mentioned in the previous
section, the extended-s- and f-wave paired state does not have
any nodal points in the Brillouin zone, and is therefore topo-
logically trivial with C = 0. On the other hand, the calculated
Chern number for the d + id and p — ip symmetry takes the
values of C = £2, +4, depending on both band filling and
displacement field. In Fig. 8 we show the topological phase
diagram of the mixed d + id and p — ip paired state in the
(n, D) plane. As can be seen according to our calculations, by
changing the experimentally controllable parameters one can
induce topological phase transitions between regimes charac-
terized by different values of the Chern number. It should be
noted that the bare band of the considered model is topologi-
cally trivial, therefore, the topological features are introduced
by the paired state itself.

While analyzing the data provided in Fig. 8 it is worth
emphasizing that the Chern number can be interpreted as the
winding number of the superconducting gap’s complex phase
while going around the normal-state Fermi surface (FS) [35]:

1
C=—¢ dl-v¢, (24)
27 Jrs
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D [V /um]

FIG. 8. The topological phase diagram of the mixed d + id (sin-
glet) and p — ip (triplet) superconducting states in the (n, D) plane.
The colored regions correspond to the stability of the mixed paired
state (cf. Fig. 6). Different colors correspond to different values of the
Chern number. The position of the Van Hove singularity in the dia-
gram is marked by the dashed line. By changing the experimentally
controllable parameters, like electron concentration () and displace-
ment field (D), one can induce topological phase transitions. The
black dots correspond to n and D values which have been selected
for detailed analysis provided in Fig. 9. Additionally, the red squares
mark the two selected situations of relatively high- and low-n values
which are analyzed in detail in Fig. 10.

where for the case of electronlike (holelike) FS the integration
is carried out counterclockwise (clockwise). Therefore, the
shape and size of the FS, which can be tuned by both n and D,
may affect the resulting topological features of the SC state. In
fact, Eq. (24) can be further simplified, as the Chern number
simply counts the Chern charge of the nodal points which are
contained within the FS,

C=) (=D’ (25)

1€QFs

where C; is the Chern charge of a given nodal point which can
be determined by calculating the winding number of the order
parameter around it. The sign of the Chern charge depends on
whether it is enclosed by an electronlike (w = 0) or holelike
(w = 1) Fermi surface. The i index runs only over the nodal
points that are contained inside the Fermi surface. In Fig. 7
we provide the Chern charges C; of all the nodal points for
the considered gap symmetries. Once we know the Chern
charge of every nodal point, as well as the shape of the FS, we
can determine the Chern number (winding number) by simply
using Eq. (25). With this procedure one can easily interpret the
obtained topological phase diagram by looking at the relative
position of the Fermi surface and the Chern charges of the
nodal points.

It should be noted that the nodal points of the d + id
and p — ip paired state fall into two categories. The first
one corresponds to the nodes located at the high-symmetry
points (I', K, and K’) which are fixed and result from the
symmetry of the triangular lattice itself. The second category
are the points which position in the Brillouin zone depends on
the balance between the singlet and triplet components to the
pairing. There are three such points per each of the two mixed
gaps [|A*(k) — A’(k)| and |A*(k) + A’(K)|] and they lie at
the I'-K and I'-K’ connecting lines. The movement of the
mentioned nodal points inside the Brillouin zone, induced by
tuning n and D, can affect the topological features as we show
in some more detail further on.

In Fig. 9 we show the normal-state Fermi surfaces as well
as the momentum-dependent SC gap for four representative
points that are marked by black dots in the phase diagram
(Fig. 8) and are characterized by different values of the Chern
number. The spin-up and -down Fermi surfaces together with
the corresponding SC gaps [cf. Eq. (21)] are provided in
separate figures in the panel. As one can see, the topological
transitions that appear across the phase diagram provided in
Fig. 8 are not induced by a change in order-parameter sym-
metry. But rather, they result from the fact that with changing
n and D one influences the normal-state Fermi surface as
well as one moves the nodal points that lie in-between the
['-K and I'-K’ points. This in turn influences the total Chern
charge contained inside the Fermi surfaces. In particular, the
transitions from C =4 (a) to C = —2 (d) as well as from
C=—4 (b) to C =2 (c), both correspond to moving the
three Chern charges laying at the I'-K and I'-K’ connecting
lines outside the interior of the Fermi surfaces. What is also
important is that with changing n and D one can induce
transitions from electronlike [Figs. 9(a) and 9(d)] to holelike
Fermi surface [Figs. 9(b) and 9(c)]. This changes the position
of the Fermi surface as well as the signs of the Chern charges
what influences the overall Chern number. That is why the
transition line between C = 4 and 2 as well as C = —4 and
—2 coincides with the Van Hove singularity line in the regime
of moderate displacement fields (D ~ 0.3-0.5 V/nm).

However, outside the region of moderate displacement
fields the transition between electronlike and holelike Fermi
surface no longer induces a topological phase transition. This
is caused by the fact that now at the Van Hove singularity a
transition between one FS per spin to two FS per spin appears.
This prevents from changing the value of the Chern number.
In Fig. 10 we show two such situations with two normal-state
Fermi surfaces per spin. For example, in the low-D regime,
crossing the Van Hove singularity leads to transition from a
single electronlike FS centered at the I" [Fig. 9(a)] to two hole-
like FS centered at the K and K’ [Fig. 10(b)]. Nevertheless, as
one can see it does not lead to a change of the total Chern
charge contained inside the Fermi surfaces. As a consequence
of this effect, the topological transition line in Fig. 8 does not
coincide with the Van Hove singularity line at its full extent.

IV. CONCLUSIONS

We have applied the 7-J model to the description of the su-
perconducting state in tWSe, within the Gutzwiller approach.
As we show, such an approach reproduces the experimental
situation with two superconducting domes as a function of
band filling, and a correlation-induced insulating state at half-
filling shown in Ref. [6]. Consistent with the experimental
data, the insulating state is not affected by the displacement
field in wide range of D. According to our calculations the
superconducting domes have a mixed d + id (singlet) and
p — ip (triplet) symmetry, which is a direct consequence of
the valley-dependent spin splitting. If such an exotic paired
state is indeed realized in this system, it would possible to
tune the balance between the singlet and triplet contributions
to the pairing with the use of the displacement field (cf. Fig. 6).
Namely, for low values of D, the singlet pairing dominates
and for high values of D the triplet pairing takes over. Ad-
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FIG. 9. The normal-state Fermi surfaces for spin-up and -down electrons as well as the k-dependent SC gaps for four selected values of
n and D, which are marked by black dots in Fig. 8 and correspond to following values of the Chern number: C =4 (a), C = —4 (b),C =2
(c), and C = —2 (d). Note, that the value of the Chern number is simply the sum of the Chern charges contained inside the spin-up and -down
Fermi surfaces (marked by the colored dots). The arrows at the Fermi surfaces represent the winding direction which is counterclockwise
(clockwise) for the electronlike (holelike) Fermi surfaces. Note that the signs of the Chern charges depend on the winding direction.

ditionally, due to the evolution of the density of states, with
increasing D, the paired state stability regime moves towards
lower electron concentrations. Furthermore, our model reveals
a weak extended s-wave and f-wave mixed paired state for
relatively large values of the J, at low- and high-electron
concentrations.

According to our analysis the mixed d + id (singlet) and
p — ip (triplet) paired state is topologically nontrivial with

Chern numbers C = £2, £4, depending on the value of band
filling and displacement field (see Fig. 8). The changes of the
Chern number are caused by (i) changes of the normal-state
Fermi surfaces, either due to a change in size or due to a
Lifshitz transition from an electronlike to a holelike Fermi
surface (cf. Fig. 7); (ii) the movement of the nodal points
located at the I'-K and I'-K’ connecting lines. By tuning the
displacement field and electron density one could, according
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FIG. 10. The same as in Fig. 9 but for n and D values which are represented by the red squares marked in Fig. 8 and correspond to following
values of the Chern number: C = —4 (a) and C = 4 (b). In contrast to Fig. 9, now we have two Fermi surfaces per spin. Note that in the low-
and high-D regimes crossing the Van Hove singularity line and the resulting transition from electronlike to holelike Fermi surface no longer

leads to topological phase transition.
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to our results, induce topological phase transitions between
pairing states characterized by different values of the Chern
number.

Our methods find the zero-temperature ground state of a
relevant t-J model for twisted WSe,. We can estimate the crit-
ical temperature by looking at the maximum magnitude of the
gap, |Almax & 0.06J. This suggests a critical temperature of
the order of T, ~ 1 K, which is at a temperature slightly below
the lowest temperature of the transport experiments provided
in Ref. [6]. This might explain why so far only “signatures”
of superconductivity have been observed in the mentioned
experimental report. To experimentally detect the nontrivial
nature of the pairing state, we suggest Knight shift measure-
ments to detect the nonsinglet component. A detection of the
Kerr effect can reveal the spontaneous broken time-reversal
symmetry. Finally, our prediction for topological supercon-
ductivity in tWSe, suggests this system is ideal for observing
nontrivial chiral edge states and possible Majorana particles
[33].

It should be noted that, in the considered system also mag-
netically or charge ordered states may appear. In particular,
for the half-filled case, it has been shown by various calcula-
tion methods that the 120° antiferromagnetic or ferromagnetic
states become stable [18,21,36], depending on the complex
phase of the hopping parameters. Thus, in some range of
parameters the paired phase analyzed here may compete or
coexist with other symmetry-broken states. Such study would
require much more involved calculations and is beyond the
scope of this work. We should see progress along this line
soon.

The code which was written to carry out the numerical
calculations as well as the data behind the figures are available
in the open repository [37].
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APPENDIX A: INFLUENCE OF NONZERO DOUBLE
OCCUPANCIES WITHIN THE ¢-J-U MODEL

Both formation and evolution of the paired state with grad-
ual increase of the U value within the #-/-U model, as applied
to tWSe,, has been explicitly analyzed by us previously in
Ref. [25]. Here, we revisit the results presented in Fig. 5 of
that paper and discuss them in the view of the newest exper-
imental findings [26,27], which have appeared at the stage of
resubmitting this work. Namely, we select two U values which
are of particular interest in this context (U < W and U > W)
and discuss the band-filling dependencies of the SC gaps.

For the case of the ¢-J-U model, the double occupan-
cies are not completely projected out while carrying out the
Gutzwiller approximation, and the Hamiltonian given by (1)

(a) . ] i i - (b) . : T
0.04 Ajiia — A 0.03 t A

d+id

0.02 ¢
q .02} {4

0.01 }

FIG. 11. Superconducting gap amplitudes for the spin-singlet
d + id and spin-triplet p — ip symmetries as a function of band
filling n for the case of the #-/-U model for two selected values of
the Coulomb repulsion strength U = 120 meV (a) and U = 85 meV
(b). The remaining model parameters are J = 2.54 meV, D = 0.45
V/nm, W = 90 meV.

is supplemented by the onsite Coulomb interaction term

Ay =UY hphy, (A1)
i

where 71,4 (74;) are the number of particle operators on given
lattice site with spin up (down), while U corresponds to the
Coulomb interaction strength. Since now the double occupan-
cies can be nonzero, one does not impose the conditions given
by Eq. (7). Instead, an additional energy minimization over
the x variational parameter is carried out during the procedure
of solving the self-consistent equations.

As one can see in Fig. 11, within such an approach
both one- and two-dome structures of the superconducting
order parameter can be obtained as a function of band fill-
ing. When U < W a single SC dome appears as shown in
Fig. 11(b), while for U > W a two-dome behavior is reported
in Fig. 11(a). The latter case is due to the fact that for relatively
large U an insulating state is created which separates the
original single dome into two. For the case of the #-J model
which is mainly considered in this paper, only the two-dome
situation can appear since such approach corresponds to a
large-U limit.

As we already mentioned in the Introduction the mea-
surements presented in Ref. [6] suggest two superconducting

{HJ 11 . . . . Hl:' T

© S

It| [meV]

oo

1
1
tJ

0.2 04 06 08
D |V /nm|

0.2 04 06 0.8
D |V /nm|

FIG. 12. Absolute value and the phase of the complex hopping
parameters as a function of displacement field for the spin-up elec-
trons to the right-hand-side nearest neighbor. In order to reproduce
the complex hoppings to the remaining nearest neighbors as well as
the spin-down corespondents one needs to use Eq. (2). The data used
for this figure have been taken from Ref. [6].
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domes residing on both sides of the half-filled case, where the
insulating state is located. However, in the recent experiments
[26,27] only one SC dome is shown in particular range of dis-
placement field. Moreover, in Ref. [26], the SC state is stable
at half-filling. In general, for tWSe, the value of U is tuned
both by the twist angle and the dielectric constant. Therefore,
it might be the case that both situations (two SC domes for
U < W and single SC dome for U > W) can be valid and
reached in tWSe;, depending on the particular parameters of
the sample and the experimental setup itself which influence
the actual value of U.

APPENDIX B: HOPPING PARAMETERS AS A FUNCTION
OF DISPLACEMENT FIELD

Here we show how the displacement field influences the
absolute value and the phase of the complex hopping pa-
rameters. As one can see for D = 0 the hoppings approach
purely real and negative (¢ ~ —m) values. With increasing D
the values of the hoppings acquire an imaginary component
leading to the valley-dependent spin spitting and Cs symmetry
breaking (cf. Fig. 2). If the trend shown in Fig. 12(b) would
not change even for larger D values, it would be theoretically
possible to reach a purely imaginary hopping scenario.
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Articles overview

4.2 Optimal superconductivity in twisted bilayer WSe, where

the Van Hove singularity crosses half-filling

In this article, we present a theoretical investigation of unconventional SC in tWSe; homobi-
layer, motivated by recent experimental observations, which appeared after the first paper
by Wang et al. These new reports showed strong evidence of SC domes near half fillings
[10, 49, 50]. The study focuses on the role of VHS and displacement field in stabilizing the
SC state. To capture the effects of electron electron interactions, we implement an effective
moiré t-J-U model supplemented by V and analyze it within the variational Gutzwiller ap-
proximation. This approach allows us to go beyond simple mean field treatment by including
correlation induced renormalizations of the Hamiltonian parameters, which play a decisive
role in determining the stability of SC.

The results show that SC is stabilized only in a narrow range of displacement fields
and near half-filling. This finding is in qualitative agreement with experiments reporting
a single SC dome close to half-filling [10, 49, 50]. Similarly as in our previous study the
SC order parameter has a mixed character, combining spin-singlet d +id and spin-triplet
p —ip components and the resulting paired state is topologically nontrivial. We find that
SC is stable when the system exhibits large density of states due to VHS and additionally
correlation induced renormalization is maximized. Both effects peak near half filling and in
narrow range of displacement fields, creating optimal conditions for superconductivity. It is
also discussed here that the number of SC domes depends on the strength of correlations. In
the weak to moderate correlation regime (U < W) only a single dome appears with no Mott
insulating state at half filling, however in the stronger correlation regime (U > W), a Mott
insulating state emerges at half filling, which splits the SC region into two domes [8]. The
calculated SC gaps correspond to estimated transition temperatures of order 7, ~ 0.1-0.5 K,
consistent with experimental data, though somewhat underestimated due to the ground state
nature of the Gutzwiller method.

This article is reproduced under the terms of the Creative Commons Creative Commons
Attribution 4.0 International (CC BY 4.0) license. Originally published as M. Zegrodnik,
W. Akbar, A. Biborski, and L. Rademaker, Physical Review Research 8, 1.012070 (2026).
DOI: 10.1103/pkf3-fkv4.
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The recent discovery of unconventional superconductivity has pointed to twisted WSe, bilayer as a versatile
platform for studying the correlated and topological phases of matter. Here, we analyze the effect of the
displacement field and electron interactions on the formation of a topological paired state in twisted WSe,. Our
approach is based on the effective single band 7-J-U model supplemented with intersite Coulomb interaction
term and treated within the Gutzwiller approximation. We show that the superconducting phase is stabilized in
a small range of displacement fields where the Van Hove singularity crosses half-filling, which is in qualitative

agreement with recent experimental data. According to our analysis, such a circumstance comes as a result
of a subtle interplay between the large density of states of the Van Hove singularity, in combination with the
renormalization effects that appear in the weak-to-moderate correlation regime. The two factors create favorable

conditions for the superconducting pairing only in a small area of the phase diagram.

DOI: 10.1103/pkf3-tkv4

Introduction. Transition-metal dichalcogenide bilayers
have recently attracted a significant amount of interest due
to their rich physics and exceptional tunability. It has been
established experiementally that those systems host a number
of correlated and topological states such as Mott insulators
[1,2], magnetically ordered states [3,4], generalized Wigner
crystals [5-9], quantum anomalous and spin quantum anoma-
lous Hall states [4,10,11], and Kondo effects [12]. Moreover,
in recent years signatures of unconventional superconducting
(SC) state have been reported, first by Wang et al. for the case
of the twisted WSe, bilayer (tWSe,) [2]. It has been suggested
that for this system two superconducting domes reside on both
sides of a Mott insulating state, which is located at half-filling
similarly to that in the well-known cuprates [13] or twisted
bilayer graphene [14,15]. Interestingly, strong evidence of the
paired state in tWSe, has been shown in very recent experi-
mental papers, which, however, report one SC dome close to
or at the half-filling for a certain range of displacement fields
[16,17].

Depending on the twist angle (6) between the two WSe,
monoatomic layers, a moiré pattern emerges, which leads to
the creation of a mini-Brillouin zone and, most importantly,
to flat electronic bands [18]. This points to a significant role
played by electron-electron interactions. It is believed that
tWSe; is in the moderately correlated regime, with the on-site
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Coulomb integral being comparable to the flat band width
(U = W) [2,19]. However, the actual strength of the electron-
electron correlations is influenced by the twist angle and the
dielectric environment of the sample. The experimental ab-
sence of the Mott insulating state at half-filling in Ref. [17]
indicates that most probably a weak-to-moderate correlation
regime (U < W) has been achieved in this particular study.
Moreover, it has been established that the paired state emerges
only in a relatively small range of displacement fields and
band fillings, whose exact location depends on the twist angle.

The original experimental report as well as the most recent
ones related with SC state in tWSe, has motivated theoretical
analysis that considered effective single- and multiband mod-
els as well as different forms of pairing mechanisms [20-32].
Many of the those considerations lead to a mixed singlet and
triplet symmetry of the order parameter, due to the presence
of the Ising-type spin-orbit coupling in the system. Both the
theoretical study and the experimental reports point to the
role of the Van Hove singularity (VHS) in the stabilization
of the paired state. However, the physical mechanism that
determines the characteristic form of the phase diagram is still
under ongoing debate and has not been completely resolved so
far.

In our previous study, we have employed an effective
single-band #-J-U model to the description of SC state of
tWSe,, which leads to the stability of a topological mixed
d + id and p-ip pairing scenario [23,33]. Within such a de-
scription, the single-particle physics is described by a tight
binding Hamiltonian with complex hoppings that incorporate
the spin-valley locking in the system. Here, we extend our
previous considerations by supplementing the Hamiltonian
with an intersite Coulomb interaction term. We focus on the
effect of the displacement field in the formation of the paired

Published by the American Physical Society
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FIG. 1. (a) Phase factor ¢ as a function of displacement field, D,
together with spin-up (blue) and spin-down (red) Femi surfaces at
half-filling for selected values of D (inset). In the upper right corner,
we provide the v;; = £1 factor corresponding to the six nearest
neighbors [cf. Eq. (1)]. (b) Density of states at the Fermi level as
a function of band filling for selected values of the displacement
field D, € {0.05, 0.2, 0.3, 0.45, 0.6} V/nm, for [ =1,2,3,4,5,
respectively.

state in order to discuss the obtained results in the view of
the most recent experimental findings. In particular, our main
aim here is to reconstruct one of the principal features of the
tWSe,, namely, the appearance of an unconventional super-
conducting state in a relatively small range of displacement
fields (D) and band fillings (n) [16,17]. In our study, we apply
the Gutzwiller approximation based on which we analyze in
detail the electron-correlation-induced renormalization of par-
ticular energy terms in the context of the SC state stabilization.
As we show explicitly, in the regime of weak-to-moderate
correlations, the renormalization effects create favorable con-
ditions for the SC pairing in close proximity of the half-filled
situation. This effect, together with the Van Hove singularity
evolution induced by the displacement field, determines the
stability regime of the SC state in the (n, D) phase diagram.
Model and method. We employ the moiré ¢-J-U model
supplemented with the intersite Coulomb repulsion term, i.e.,

H=t) "¢ ¢
(ij)o
+JZ <stz + elZv,j¢S+S 4+ = e t2v,j¢S S+)
/
+szli¢ﬁi¢ +Vzﬁiﬁj, (D
F -

where o = +1 represents spin up/down, ¢/ and &, are the
creation and annihilation operators for electron with spin o
at site 7 of a triangular lattice, (i, j) correspond to nearest
neighbors, S, Si", and S, are the spin-% z component and
rising and lowerlng operators, respectively, 7;, is the oc-
cupancy operator, and #; = ) __ fi;,. The primed summation
means that each bond between the lattice sites appears only
once. The subsequent terms of the above Hamiltonian corre-
spond to electron hopping, intersite exchange interaction, and
intra/intersite Coulomb repulsion. The phase factors of the
exponents have an alternating sign introduced by v;; = =£1,
which depends on the bond direction (cf. inset of Fig. 1). The
resultant spin- and direction-dependent complex hoppings ac-

count for the Ising-type spin-orbit coupling in the system.
As shown in Refs. [2,19], the single-particle part constitutes
an effective description of the flat moiré band of twisted
WSe,/WSe, homobilayer. It should be noted that in the ex-
perimental situation the tWSe, structure is usually placed in
between two electrodes that allow to control both the electron
concentration (n) and the displacement field (D) in an in situ
manner. The effect of the latter tunes the spin-valley splitting
and enters the effective model via a D-dependent ¢ and ¢,
which have been calculated for the twist angle of 6 = 5.08° in
Ref. [2] and are used by us here. For the sake of completeness
in Fig. 1, we provide the D dependence of ¢ as well as Fermi
surfaces and density of states as a function of band filling for
selected values of displacement field.

Motivated by the experimental result provided in Ref. [17],
we focus on the weak-to-moderate correlation regime
(U/W < 1) by taking U = 80 meV, where the bandwidth is
W ~ 90meV. The value of the exchange interaction integral
is set to J = 4¢2/U. We apply the Gutzwiller approximation
method, which takes into account the electron-electron inter-
actions above the level of a standard mean-field approach. At
the same time, the considered method allows us to access the
renormalization factors corresponding to subsequent energy
terms appearing in our Hamiltonian and analyze them in the
context of the SC state formation. The considered variational
wave function of the Gutzwiller type has the following form
|Ws) = P|Wy), where |W) is the uncorrelated (mean-field)
state and P denotes the correlation operator, i.e.,

P=T]D  nirlD)irl, @
i I

while |I") are states from the local basis {|?), | 1), ] 1), | 14)}
and A; r represent variational parameters determined via en-
ergy minimization. Since we consider a homogeneous system
without magnetic or charge ordering, we take A; 4, = A4y,
)‘i»T = )‘iwi = )\S, and )\‘[T[Zj = )\@.

It is important to note that, when it comes to stabilization of
the superconducting state, the exchange interaction term (J)
and the intersite Coulomb interaction term (V') have positive
and negative effects, respectively. Within the Gutzwiller
approximation, the expectation values in the | W) state of the
two mentioned terms is the following:

4 At a_at A
TEINDY ( D €T i tio)o

(ij)
1
+ Z ZO’U/(<ﬁiaﬁja’)0 - I’l?) ’
V=V Y (& - (1-g)n), @
(ij)

where g, = (1 — @2 —2A1)n)/(1 —ng), iy =ny =n,
niy = (fig)o, and (0)o refers to an expectation value of
operator 0 in the |Wy) state. As one can see, the expectation
value of a given energy term in the correlated state, [/¢), can
be expressed in terms of the expectation values in the uncor-
related state, |v(). However, factors )L? and g% renormalize
the coupling constants J and V, respectively. Therefore, the

L012070-2
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FIG. 2. Symmetry resolved superconducting gap amplitudes corresponding to the obtained mixed spin-singlet d 4 id and spin-triplet

p—

ip paired state as a function of band filling n and displacement field D for gradually increasing value of the intersite Coulomb repulsion

V(a — j). The on-site Coulomb repulsion and the exchange interaction parameters are set to U = 80meV and J = 4¢*/U, respectively. The
solid blue line in panels (e) and (j) mark the evoulution of the Van Hove singularity across the phase diagram. The white dashed line is a guide

to the eye denoting the stability range of the SC state.

relative balance between the two energy terms is going to be
affected by the significant on-site Coulomb repulsion via the
renormalization factors possibly having a decisive influence
on the stabilization of the superconducting state.

To determine the values of the real-space superconducting
gap amplitudes in the correlated state, A;’j" = (cmé}a)g, we
apply the effective Hamiltonian scheme [34] and then ex-
tract the symmetry-resolved SC gaps [23], which allow us
to analyze the principal features of the paired state. Also,
following Biinemann ez al., we impose an additional condition
to the correlation operator, which reduces the complexity of
the numerical calculations [35]. More details related to the
applied theoretical approach are provided in the Supplemental
Material [36], which includes Refs. [37-50]. In the following,
we refer to the average number of electrons per lattice site as
band filling n = 2n;,.

Results. In order to discuss our theoretical approach in the
context of the available experimental data, we calculate the
symmetry-resolved SC amplitudes across the (n, D) diagram.
In Fig. 2, we provide the results obtained for the gradually
increasing value of the intersite Coulomb repulsion, V. Our
calculations lead to the stabilization of a mixed d + id (sin-
glet) and p-ip (triplet) paired state. Singlet-triplet mixing has
also been reported in other theoretical descriptions of tWSe;
[21,22,25,30,32] and is a straightforward consequence of the
spin-valley locking as we discuss in more detail in the Ap-
pendix and/or Supplemental Material [36]. As one can see,
for the V = 0 case the SC state is relatively robust, with the
spin-singlet pairing dominating the low displacement field
regime and gradually increasing contribution resulting from
the triplet component as D increases. Such robust SC state
covering a significant area of the phase diagram is in con-
tradiction with the experimental situation. However, as the

value of V is increased, the stability area of the paired state
shrinks. It should be noted that the negative effect of the V
term on the pairing has been previously reported in other
theoretical considerations [51-53]. For V = 22meV, the SC
phase covers only a small part of the (n, D) plane, which is
located in the proximity of the half-filled situation, and for
D = 0.2-0.4 V/nm. The SC phase shown in Figs. 2(e) and
2(j) is characterized by a Chern number C = %4 indicating a
topological character. The sign change of C appears exactly
at the Van Hove singularity line, which is due to the tran-
sition from the electronlike to holelike Fermi surfaces. For
more details related with the topological features, see the Ap-
pendix and/or Supplemental Material [36]. It should be noted
that a similar form of the phase diagram has recently been
reported experimentally for tWSe; in Ref. [17]. However, due
to uncertainty in experimental determination of band filling, it
is not completely clear whether the SC phase stability range
has reached the half-filled situation. Another experimental
report has shown the SC phase stability at half-filling but in
very low displacement field range [16].

In order to analyze why the particular small area of the
(n, D) plane seen in Figs. 2(e) and 2(j) creates favorable con-
ditions for the SC state to be stable, we first study the evolution
of Van Hove singularity across the phase diagram. The solid
blue line marks the band fillings that for a given value of D
correspond to the Van Hove singularity being located at the
Fermi level. As one can see, the area covered by the SC state is
located around the Van Hove singularity line. Such an effect is
expected since high values of the density of states at the Fermi
energy stabilize superconductivity in the weak-coupling the-
ory. The second effect that is of significant importance here
originates from the electron-electron correlations. In Fig. 3,
we provide the (n, D) dependence of the g2 and A;‘ factors,

v
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FIG. 3. The g [panel (a)] and A* [panel (b)] factors that renor-
malize the intersite Coulomb interaction term and the exchange
interaction term [cf. Eq. (3)], respectively, as a function of n and D.
The blue line marks the Van Hove singularity evolution across the
phase diagram. The black dashed line corresponds to the stability of
the SC state as in Figs. 2(e) and 2(j). Note that SC phase is located
at the crossing of the Van Hove singularity line and the area where
the renormalization is the strongest. (¢) The SC gap as a function
of U and n for D = 0.35 V/nm with J = 4t>/U, V = U/3.635. We
provide only the singlet component since the triplet one shows the
same behavior but is approximately twice smaller.

which renormalize the intersite Coulomb interaction term and
the exchange interaction term, respectively [cf. Eq. (3)]. For
g = A¥ =1, our variational Gutzwiller state would become
equivalent to the Hartree-Fock solution (|10) = |¥g)), which
is not the case here. More importantly, the region of maxi-
mized renormalization is located roughly around half-filling
where g7 is small, significantly diminishing the destructive
character of the V term on the paired phase. Moreover, )\f
is relatively large in the same region, which enhances the
positive effect of the J term on the pairing. At the same time,
since we are dealing with the weak-to-moderate correlation
regime, there is no Mott insulating state located at half-filling
that would suppress the SC state there. As a result, the stability
of the SC state lies exactly at the crossing of the Van Hove
singularity line and the maximized renormalization area at
half-filling. This allows for the two positive effects to act si-
multaneously, which as a result create favorable conditions for
the paired phase only in a particular region of the (n, D) plane.
Additionally, in Fig. 3(c) we show that the SC phase vanishes
while the electron-electron correlations are weakened.

For comparison, in Fig. 4 we provide the results for both
weak-to-moderate and strong correlations. Namely, panels (a)

0.03

0.004 A., ip 0.02 |
,1

0.002 0.01

0~ L]

FIG. 4. Symmetry-resolved gap amplitudes of the mixed singlet-
triplet solution as a function of n for D =0.35 V/nm and for
two selected values of the on-site Coulomb repulsion, U = 80 meV
[panel (a)] and U = 120meV [panel (b)]. In both cases, we keep
J=41*/U and V = U/3.635.

and (b) correspond to U = 80meV and U = 120 meV, re-
spectively, while the bandwidth is W ~ 90 meV. In the second
situation, instead of having a single SC dome, we actually
obtain two of them with the SC gap reaching values one
order of magnitude larger than those in the first case. This
is due to the fact that for U 2 W strong electron-electron
correlations enhance the positive effect of the renormalization
parameters g and A? on the pairing. However, due to the fact
that U is already larger than W in panel (b), a Mott insulating
state starts to develop at half-filling, which suppresses the SC
amplitudes there, leading to a two-dome behavior.

It should be noted that recent measurements carried out for
0 = 5.0° and 6 ~ 3.5° twisted WSe, show a single SC dome
not separated by a Mott state in a certain D range [16,17].
However, the original experimental report referring to the
same system with a twist angle & = 5.1° shows signatures of
two SC domes and a Mott insulator at half-filling [2]. It might
be possible that depending on the dielectric environment and
the actual twist angle the two regimes (U < W and U 2 W)
can be reached in tWSe, leading to two different forms of the
phase diagram. It should be noted that our results lead to a
significantly larger maximal SC gap in the two-dome case,
which would agree with the experimental situation where
Te ~ 200-300 mK and 7 &~ 1K correspond to single-dome
and two-dome behaviors, respectively [2,16,17]. During the
resubmission process of this Letter, an experimental report
has appeared [54] showing the stability of the SC phase close
to the crossing between the Van Hove singularity and the
half-filling, which is consistent with our approach. However,
above a certain value of D, an antiferromagnetic Mott insula-
tor begins to develop at n = 1.

Our Gutzwiller approach is limited to the ground state
only. Therefore, we are not able to reach nonzero temper-
atures. Nevertheless, in order to provide a rough estimate
of the maximal critical temperature in the two considered
situations, we use the formulas A(T = 0) = 1.764 kgT- and
A(T = 0) = JAnax, With Apx being the maximal SC gap
amplitude value obtained in our calculations. Such an estimate
gives us Te ~ 100 mK and 7T¢ & 450 mK for the U = 80 meV
(a) and U = 120meV (b), respectively. The obtained values
underestimate the experimentally obtained critical tempera-
tures; however, they are of the same order.

Final remarks. We have analyzed the principal fea-
tures of the unconventional superconducting state in tWSe;
within an effective #-J-U model supplemented with the
intersite Coulomb repulsion term. As we show, for the
weak-to-moderate correlation regime the topological mixed
singlet-triplet superconducting state covers a relatively small
area of the (n, D) phase diagram, which is located where the
Van Hove singularity line crosses half-filling. We show that
this precise region optimizes the conditions for superconduc-
tivity: The VHS causes a large density of states, whereas the
electron-correlation-induced renormalization is maximized at
half-filling. This allows the two effects to act simultaneously,
creating favorable conditions for the paired state as seen in
experiments [16,17,54]. To explore the unconventional nature
of the SC state experimentally, we propose using Knight
shift measurements to identify any nonsinglet pairing. Ob-
serving the Kerr effect could indicate spontaneous breaking
of time-reversal symmetry. Finally, our prediction of topolog-
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ical superconductivity in tWSe, highlights it as a promising
platform for detecting chiral edge states through scanning
techniques or transport measurements [55].

Additionally, we show that a single SC dome and two SC
domes can be reproduced within a single theoretical frame-
work. The former corresponds to weaker correlations and the
latter to stronger correlations. The two-dome scenario comes
as a result of the fact that the Mott insulating state located at
half-filling separates the SC stability range into two. Never-
theless, the maximal values of the gap amplitudes are larger
for the stronger correlations and the two-dome scenario. This
is in qualitative agreement with the available experimental
data [2,16,17].

For the flat band of cuprate superconductors, it has been
shown that the ¢-J-U and Hubbard models lead to a roughly
similar physical picture of the superconducting phase [56].
However, since the J term does not appear explicitly in the
latter, either a higher order diagrammatic expansion of the
Gutzwiller wave function or a density martix renormaliza-
tion group (DMRG) method would be necessary to obtain
the stability of the paired phase. As we have shown very
recently, the DMRG approach can indeed lead to the pres-
ence of the SC phase in the effective single-band model
of tWSe, [57].
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Appendix. Here, we provide a detailed extension related
to the method of determination of the superconducting gap
symmetry, the influence of the spin-valley locking, and the
topological features of the superconducting state.

Symmetry of the paired state. Within the presented
Gutzwiller wave function approach, the unprojected wave
function, |Wy), contains the superconducting order parame-
ter, Sl‘-’j"/ = (CisCjo' )0, Which is related to the correlated wave

. ’ _ 2
function counterpart A7 = §9¢'

(CicCjor)c = q°S]" , where ¢ =
As(Agng + Ag(1 — ng)). In our numerical scheme, we do not
limit ourselves to one specific symmetry of the SC gap. In-
stead, we consider all possible pairing symmetries that are
allowed for the case of a triangular lattice within the nearest-
neighbor real-space pairing scenario. This requires solving the
set of self-consistent equations for all the six complex nearest-
neighbor gap amplitudes without any additional constraints.
We allow for spin-singlet pairing (S;; AgES —S“) spin-triplet

pairing (S} = S}), and their mlxture (s, ¢| # IS5 We
neglect the poss1b111ty of triplet S° = =£1 pairing, as these
pairing channels lead to a Fermi wave vector mismatch, which
significantly suppresses superconductivity.

After we determine the gap amplitudes Afj" to all nearest
neighbors, we transform them into the so-called symmetry-

TABLE I. Symmetries of the SC gap together with their parities
and Cooper pair spin state. The symmetry factor, M, and the parity
factor p are provided in the first and the second column, respectively
[cf. Eq. (AD)].

M p Gap symmetry Parity Spin state
0 0 Extended s Even Singlet
1 1 Dx+ipy Odd Triplet
2 0 do_p +idy Even Singlet
3 1 f Odd Triplet
4 0 da_yp —idy Even Singlet
5 1 Px—1ipy Odd Triplet
resolved gap amplitudes, given by
7 i —iM6O
Al =g 2o MAT, (A1)

i(j)

where the summation runs over the nearest-neighbor lat-
tice sites j surrounding site i, and 6 are angles
{0, m/3, 27 /3, &, 4w /3, 5w /3} between the positive half-
x axis and the Rj; = R; — R; vector. M and p correspond to
particular symmetries and are provided in Table I.

Finally, we can write down the expressions for the real-
space singlet and triplet gap amplitudes in the correlated state:

Ay, = (AL, = AL DIV2,
+ Ay /2.

For the sake of clarity, in the main text of the Letter, we use
the symmetry names (p + ip, d £id, f, etc.) instead of the
values of the M and p factors.

In Fig. 5, we show the k dependence of the SC gap corre-
sponding to the symmetries listed in Table I. As one can see,
all the symmetries fulfill the C¢ symmetry of the underlaying
trianlular lattice. However, due to the presence of spin-valley
locking, the Hamiltonian breaks the C¢ symmetry, which has
further consequences for the pairing symmetry, as we show in
the next section.

Influence of spin-valley locking on the pairing. The pres-
ence of spin-valley locking leads to two spin-split Fermi
surfaces and a reduction of the symmetry from Cg to C3. Ac-
cording to our calculations, for this case, a stable SC solution
corresponds to a mixed d + id and p — ip symmetry of the
gap in the relevant range of model parameters. As one can
see in Fig. 6, this particular composition of the symmetry
components leads to a situation in which the SC gap fulfills
the C3 symmetry of the Hamiltonian. Moreover, there are two
different SC gap distributions realized in k space. This allows
for the SC gap to adjust to the shape of the two separate Fermi
surfaces resulting from the spin-valley locking. Therefore, the
mixed symmetry of the gap is a straightforward result of the
spin-valley locking, which leads to reduction of the systems’
symmetry and to two separate Fermi surfaces.

Details of the topological paired state.According to our
calculations in the range of parameters corresponding to
Figs. 2(e) and 2(j), the superconducting state is nontrivial
topologically with the Chern number C = 4. For clarity, we
revisit here the mentioned diagram in Fig. 7. As one can see,

(A2)
A;l/!p — (AT~L
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FIG. 5. The absolute value of the k-dependent SC gaps for the
pairing channels listed in Table 1. The Brillouin zone is marked by
black solid line. The presented distributions have been obtained by
setting particular symmetry-resolved factors to 1 and all the others to
0.

the sign change of C appears at the line representing the Van
Hove singularity.

In Fig. 8, we provide the corresponding k-dependent SC
gap as well as the normal state Fermi surfaces for two rep-
resentative sets of parameters, which are marked by green
dots in Fig. 7. As one can see, the obtained value of the
Chern number can be understood as a total topological charge
contained inside the spin-up and spin-down Fermi surfaces.

(k)|

—ip

(b) Adsaalk) + A
'—\.:,..-.x

0
EE———

kg ks

FIG. 6. The absolute value of the k-dependent SC gaps corre-
sponding to mixed d + id /p — ip symmetry obtained forn = 1,U =
80meV, J = 4t>/U, and D = 0.3 V/nm. The normal state Fermi
surfaces are marked by solid blue and red lines in panels (a) and
(b), respectively.

|Agsial x 107
0 1 2 3 4

= = 04 | m
= E P = Ve
~ SE ‘.,ﬁ C=y

0.2

0.1 J
0.9 1 1.1 0.9 1 1.1

FIG. 7. (a) The SC gap amplitude as a function of band filling
and displacement field for the same model parameters as in Fig. 2(e).
The two green points correspond to the two representative n and
D values leading to C = %4 and selected for the detailed analysis
provided in Fig. 8. (b) The phase diagram that shows the calculated
values of the Chern number of the SC state.
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FIG. 8. The normal-state Fermi surfaces for spin-up and spin-
down (blue and red solid lines) electrons as well as the k-dependent
SC gaps for the two points marked by green dots in Fig. 7, which cor-
respond to Chern number: C = —4 [panel (a)] and C = 4 [panel (b)].
The arrows at the Fermi surfaces represent the winding direction,
which is counterclockwise (clockwise) for the electronlike (holelike)
Fermi surfaces.
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where C; is the topological charge of a given nodal point,
which can be determined by calculating the winding number
of the order parameter around it. The sign of the Chern charge

depends on whether it is enclosed by an electron- (w = 0) or
holelike (w = 1) Fermi surface. The i index runs only over the
nodal points that are contained inside the Fermi surface.
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I. GENERAL FEATURES OF THE MODEL

Here we provide details related with the applied theoretical approach based on the moiré
t-J-U model supplemented with the intersite Coulomb repulsion term. As a reminder below

we show the complete form of the Hamiltonian from the main text of our analysis

(ij)o
" &z a2 1 2V QG+ Q—
+Jy (Sisj + 58 ES; +
(ig)

+ UZﬁiTTAlj¢ + Vzlﬁiﬁjv
i (i)

leiQVijfﬁgiS';r) (Sl)

[\

&l and ¢ are the creation and anihilation operators

) o

where 0 = +1 represents spin up/down
for electron with spin o at site i of a triangular lattice, (i, j) correspond to nearest neighbors,
Sz, S, S; are the spin—% z component, rising and lowering operators, respectively, n;, is
the occupancy operator and 7; = ) 7;,. The primed summation means that each bond
between the lattice sites appears only once. The subsequent terms of the above Hamiltonian
correspond to electron hopping, intersite exchange interaction, as well as intra-/inter-site

Coulomb repulsion. The phase factors of the exponents have an alternating sign introduced

by v;; = £1, which depends on the bond direction (cf. Fig. S1).

11 T
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[#] [meV]
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FIG. S1. (a) Values of the direction dependent factor (v;;) appearing in the hoppings of the effective
single-band model. (b) Absolute value of the hoppings as a function of the displacement field. (c)
Phase factor ¢ as a function of displacement field, D. The data visualized by Figs. (b) and (c)

have been calculated in Ref. [1] for the twist angle of § = 5.08° and are used in our analysis.
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It should be noted that, due to inversion symmetry breaking in transition-metal dichalco-
genide quasi-two-dimentional systems, there is a significant valley-dependent spin-orbit cou-
pling, which acts like an effective Zeeman field with opposite out-of-plane directions. Such
I[sing-type spin-orbit coupling results in spin-momentum locking perpendicular to the two-
dimensional crystal near the K and K’ valleys (so-called spin-valley locking) [2, 3|. The
effect also appears in twisted TMD-based structures and can be tuned by experimentally
controllable factors such as the displacement field (D), which is the bias voltage across the
layered structure [4, 5]. This is one of the characteristic features which distinguishes the

TMD-based moiré systems from those graphene-based.

Here we follow Refs. 1 and 4 where it has been shown that the effect of the Ising type
spin-orbit coupling can be taken into account in an effective single-band picture of twisted
WSe; bilayer by spin- and direction-dependent complex hoppings. As one can see, from Eq.
(S1) and Fig. S1(a) the complex phase of the hoppings has opposite signs corresponding to
the opposite hopping direction and opposite spin orientation. In principle, this leads to two
separate Fermi surfaces corresponding to two values of the spin-valley degree of freedom,
7 =1for (K,7) and 7 = —1 for (K’,]). As a result of the Ising-type spin orbit coupling
the symmetry of the system is reduced from Cg to Cs. In such a picture, the effect of the
displacement field is taken into account via the absolute value of the hoppings (t) and the
phase factor (¢), which are D-dependent [cf. Fig. S1 (b) and (c)]. As presented in Fig. S2
by increasing the displacement field one enhances the Fermi surface spin splitting as well as
changes the position of the Van Hove singularity from higher to lower band fillings. The D-
dependant phase factor ¢ plays the major role in this effect. For very low displacement fields
where ¢ ~ 7 the hopping parameters are nearly real numbers, meaning that the difference
between the spin-up and spin-down Fermi surfaces should be minor, as seen in (f). In such
a situation, the spin splitting is almost vanishing and the system is nearly Cg symmetric.
However, by increasing the displacement field the phase factor moves away from ¢ ~ =7
and spin-dependent imaginary part of the hoppings is increased, which enhances the Fermi
surface spin splitting leading to a clear C3 symmetry realized by the system.

Another visible effect of the displacement field and the Ising-type spin-orbit coupling is
that by keeping constant band filling and increasing D a transition occurs from electron-like
(closed) to hole-like (opened) Fermi surfaces for some critical value of D =~ 0.3 —0.35 V /nm.

This transition corresponds to the Van Hove singularity passing through the Fermi energy
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with increasing D. It results from the fact that the Van Hove singularity corresponds to a
saddle point in the electronic structure, which connects the electron-like and hole-like Fermi

surfaces, which is a characteristic feature of two-dimensional systems.

D=0.05 V/inm D=0.2 Vinm D=0.3 ¥V/nm D=0.45 V/nm D=0.6 Vinm
im | b | (© | @ | ' (e) |
200 1 { ! 4 1

FIG. S2. (a-e) Density of states at the Fermi energy as a function of band filling for five different
values of displacement field (provided in the figure). (f-j) the spin-up (blue) and spin-down (red)
Fermi surfaces at half-filling corresponding to the subsequent values of the displacement fields

provided in (a-e), respectively.

It should be noted that recently both the Hubbard and t-J models have been discussed
in the context of tWSe, [4, 6-10|. Here we use a slightly different approach in which both
U- and J- terms are taken into account explicitly. Few methodological remarks related to
the model itself are in place here. Namely, starting from the Hubbard model and assuming
a large U limit, the double occupancies are projected out, and the kinetic exchange term
emerges resulting from virtual double occupancies leading to the ¢-J model. On the other
hand, in the limit of weak onsite Coulomb repulsion, double occupancies are allowed even
close to half-filling, but the effect of kinetic exchange is no longer operative. The t-J-U
model should be considered as an effective approach dedicated to the situation when the
U value is in between the two limiting situations. If U is substantial and not infinite, the
double occupancies are small but non-zero, therefore the U term should be present in the
Hamiltonian. At the same time, the spin-spin kinetic exchange interaction already starts
to develop. In order to explicitly take into account both effects, the ¢-J-U model is used.

Within the Gutzwiller approximation applied here, the effect of onsite correlations induced
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by U is taken into account via the variational wave function. However, the effect of spin-spin
superexchange is captured by the ~ J term. Additionally, we supplement the model with a
V term to take into account the effect of longer-range Coulomb repulsion.

The t-J-U model has been proposed already some time ago and discussed in the context of
general properties of correlated electron systems [11-15]. The concept is very much related
to the so-called Gossamer superconductivity introduced by Laughlin [16] and discussed by F.
C. Zhang [17]. It has also been shown that the approach based on the t-J-U model allows

to reproduce selected fundamental properties of the cuprates in a quantitative manner [18].

II. THE VARIATIONAL WAVE FUNCTION

A. The Gutzwiller-type wave function and the effective Hamiltonian

Since we are most interested in the moderately correlated (U ~ W) regime, we apply the
variational wave function of Gutzwiller type which allows to take into account the electron-

electron interactions. The considered variational wave function has the following form
W) = P|Wo), (52)

where |¥) is the uncorrelated (mean-field) state and P is the correlation operator

=YL 2 =T hrlryeirl (s8)

where 7 runs over all the lattice sites, |I') corresponds to the local basis [T') € {|0), | 1), | {
). | T4}, and A\, p are the variational parameters. As shown by Biinemann et al., one can
impose an additional condition to the correlation operator, in order to reduce the complexity

of the numerical calculations [19], i.e.,

P? =1+ zd"", (S4)
where chIF = ﬁﬁFﬁﬁF, AIE = R, — Ny, with n;,, = (Volhi, Vo), and z is yet another
variational parameter. By using Eqgs. (S3) and (S4) one can easily show that

A =1+xz(1—ny)?,
M =1—an,(1—n,), (S5)

g =1+ an?,



where for simplicity we have assumed a homogeneous system with no magnetic or charge
ordering. Hence, ;1) = My, Ait = Xiy = A5, Aig = Ag, and ni = n;y = n,. Via Egs. (S5),
the parameters A\, As, and A\yp which correspond to doubly occupied, singly occupied, and
empty lattice sites are all functions of the average number of particles in the system per site
per spin and the variational parameter x. As a result, we are left with only one variational
parameter, x.

In order to obtain the formula for the expectation value of our hamiltonian

(Ue|H|T¢) A

Fe = (Wg|¥q) = {He, (56)

we apply the diagrammatic expansion of the Gutzwiller wave function (DE-GWF) [20] in
the zeroth order which is equivalent to the Statistically consistent Gutzwiller Approximation
(SGA) [15]. As a result, one can obtain the explicit form of all the energy contributions to

E¢ resulting from subsequent terms appearing in Eq. (S1)

= Zq%]-g(éjgéjo)o
E, = /\4J Z < Z 010203 <CT cwcjgcja o+ - ZUO’ (NigTNjor Yo — ns)),

(ig) oo’ (S7)
Ey = XU (furhiy o,
By =V Y (g2 — (1 = g2)n?),
(ig)
where ¢ = A;(Aans + Ag(1 — ny)), g0 = (1 — (2 = My)ns)/(1 — n,), and (6)y stands for
the expectation value of the 6 operator in the state [1)). As one can see, the expectation
value of a given energy term in the correlated state, |¥s), can be expressed in terms of
the expectation values in the unorrelated state, |¥o). However, factors ¢°, A{, A}, and g7
renormalize the hopping, exchange interactions .J, onsite Coulomb repulsion U, and intersite
Coulomb repulsion V/, respectively. All the operator terms in Eqs. (S7) can be decomposed
by applying the Wick’s theorem. Hence, the obtained Eg becomes a function of x, ng as

well as the electron hopping and Cooper pairing mean field parameters,

Pyjo = (@ls8i0)0, ST = (Ciatjor)o, (S8)
respectively. It should be noted that one can also calculate the corresponding quantities in
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the correlated state which take the form

Nijo = (@,¢ia)6 = ¢ (€ ¢1a)o,
(S9)
AT = (Cibior)a = @ (Cinlior)o-
The Gutzwiller projection does not change the number of particles ((7;,)¢ = (Tis)0), due to
the fact that we are using the zeroth-order expansion of the Gutzwiller wave function and
do not consider the standard on-site s-wave pairing scenario.

In order to determine the values of the mean fields given by Eqgs. (S8), we apply the
Effective Hamiltonian Scheme which is based on the minimization condition of the ground
state energy [21]. In the considered case, the resulting form of the effective Hamiltonian is
the following

Hor = > lijoClylioc — 1Y io
ijo io

T Z, ((Aijff&)*éjoéia + h.c.),

(ij)o

(S10)

where the effective hopping, effective chemical potential, and effective superconducting gap

parameters are defined through the corresponding relations

- oF oF

- . OF
tijo = =—, (Qijos)" = 9575
71

n= _6?15’ (Sll)

a-Pija' ’
where F = Eg — 2uagns with ug being the chemical potential determined in the correlated
state.
After the transformation to the k space, one obtains
A 4 - - X
~ (Cka C—k6) fxo — 1 Aixso Cko
He = Z X . = ~ At
ko (Aiizo)" —fo + [ C ko (S12)
+ Z(gka - ﬂ):
ko
where ¢ = —0 and
Er = Z {ijeik(Ri—Rj)
i(4)
Aké’a == Z Ajicra'eik(RjiRi))
i(5)

where we have used the time reversal symmetry condition (éx, = €_x5) and ¢ index runs over

(S13)

the nearest-neighbor lattice sites of site j. The R; and R; vectors determine the positions

of i and j lattice sites, respectively.



The resulting quasiparticle dispersion relations are the following

Ao = i\/(gk(, — )2 4 |Aso 2. (S14)

As one can see from the above equation, the SC gap Ay 1 (AkT 1) opens up at the spin up
(spin down) Fermi surface. Next, we transform Ay 1+ and AkN into the singlet and triplet

components as follows

- 1 . -
Ap = G (D) — Awpy),
. . ) (S15)
A= 7 (Aspy + Aiyr),
which we can use to rewrite the expressions for the eigenvalues
1 - _
Ako = i\/(gk,, — )2+ Sl AL - oAy (516)

As one can see from above, for the singlet-triplet mixed paired state, one can have different
SC gaps opening at the spin-up and spin-down Fermi surfaces.

The self-consistent equations for the mean field parameters can be derived in a stan-
dard manner by applying the Bogolubov-de Gennes approach to the effective Hamiltonian
in k-space with the correlation effects taken into account via the renormalization factors.
By solving the set of self-consistent equations numerically, we determine the hopping and
pairing amplitudes to all the six nearest neighbors. Then, to obtain their correlated state
counterparts, we use Eqgs. (S9). It should be noted that the procedure for solving the
self-consistent equations must be coupled with the minimization of the total energy of the
system with respect to the variational parameter x, which then determines all the parame-
ters A that appear in the correlated state V) by Eqgs. (S5). In practice, this can be done

by supplementing the set of self-consistent equations with the following

0E¢

where in our case the analytical derivative is replaced by a numerical one.

B. The paired state

Note that the unprojected wave function already contains the superconducting order

parameter defined by Eq. (S8). However, we do not impose the appearance of pairing on
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the level of the wave function itself. Instead, we allow for the anomalous expectation values
S{’f to be non-zero during our numerical procedure. Also, we do not limit ourselves to one
specific symmetry of the SC gap. Instead, we consider all possible pairing symmetries that
are allowed for the case of triangular lattice within the nearest neighbor real-space pairing
scenario. This requires solving the set of self-consistent equations for all the six complex
nearest-neighbor gap amplitudes without any additional constraints. Moreover, we allow for
pure spin-singlet pairing (SiTj¢ = —Sﬁ), pure spin-triplet pairing (SiTji = Sﬁ), as well as their
mixture (|Sjj¢| # |SZ¢JT|) At the same time, we neglect the possibility of triplet S* = +1
pairing due to the fact that those pairing channels lead to a Fermi wave vector mismatch,

which is detrimental when it comes to the formation of the superconducting state.

ALk Ao, (k) Ay (k)
0.5 1) .5 1 .1 1l (1.4 (.=

0.9 06 —03 0 03 06 06 —03 0 03 0.6

T

s i

b

FIG. S3. The k-dependent SC gaps corresponding to the six symmetries which appear as real and
imaginary parts of the pairing channels listed in Table I. The Brillouin zone is marked by black
solid line. The presented distributions have been obtained by setting particular symmetry resolved

factors to 1 and all the others to 0.

After we determine all the correlated SC amplitudes Afj" to the nearest neighbors, we
transform them into the so-called symmetry resolved gap amplitudes in order to identify

the symmetry of the resultant paired state. The symmetry-resolved pairing amplitudes are
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M|p|gap symmetry |parity |spin state

0|0| extended s | even | singlet

L1 pet+ipy odd | triplet

20| dy2_y2 + 1 dyy | even | singlet

3|1 f odd | triplet

410|dy2_p2 — i dyy| even | singlet

51 pz—ipy odd | triplet

TABLE I. The six symmetries of the superconducting gap together with their parities and Cooper
pair spin state. The symmetry factor, M, and the corresponding values of the parity factor p are

provided in the first and the second column, respectively [cf. Eq. (S18)].

defined by the following equation

Af7, = z D e MiATe, (S18)

P 6 J

i(4)

where the summation runs over the six nearest-neighbor lattice sites j surrounding site i,
and 0j; are the angles {0, 7/3, 27/3, 7, 47/3, 57/3} between the positive half-z axis and
the R;; = R; — R, vector. M is the symmetry factor, which takes integer values and p = 0

for even-parities, and p = 1 for odd parities (cf. Table I).
Finally, we can write down the expressions for the real-space singlet and triplet gap

amplitudes in the correlated state
A?M,p = (A}r\iff,p - Aﬁ,p)/ﬁ7
Ay, = (AT, + Al)VE (519)

For the sake of clarity, in the main text of the paper, we use the symmetry names (p & ip,
d+d, [ etc.) in the subscripts of the symmetry resolved superconducting gaps instead of
the values of the M and p factors.

In Fig. S3 we show the six gap symmetries in reciprocal space, which appear as real
and imaginary parts of the pairing channels listed in Table I. As one can see, the absolute
values of the extended s-wave and f-wave SC gap is Cg symmetric; hence those two appear

as independent pairing channels possible for the triangular lattice. However, the remaining
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FIG. S4. The absolute value of the k-dependent SC gaps corresponding to the six pairing channels
listed in Table I. The Brillouin zone is marked by black solid line. The presented distributions have

been obtained by setting particular symmetry resolved factors to 1 and all the others to 0.

dy2_y2, day, dy,, and dp, are not Cg symmetric; therefore, those create combinations d,2_ £
idy, and p, % ip, which result in conserved symmetry of the lattice (cf. Fig. S4). It should
be noted that, despite the fact that the lattice itself fulfills the mentioned Cg symmetry, the
Hamiltonian does not due to the spin-valley locking, which is taken into account via spin-
and direction-dependent hoppings. Those lead to reduction of the symmetry to C3 which

has further consequences for the pairing symmetry as we show in the next section.

C. Influence of spin-valley locking on the paired state

To show how the Ising-type spin orbit coupling and the resulting spin-valley locking
influence the superconducting phase, we consider two representative situations at half-filling
(n = 1). For the first one, there is no spin-valley locking, hence, we take a single particle
term composed of purely real nearest-neighbor hoppings on a triangular lattice. For this
case to induce the superconducting state at n = 1 we need to completely suppress the
V' term; therefore, we have carried out calculations for the case of ¢-J-U model just to
analyze the gap symmetry. In this case the stable paired state corresponds to the d + id
symmetry (two degenerate solutions). The corresponding k-dependent SC gap is provided
in Fig. S5(a) together with the normal-state Fermi surface. In the absence of SOC the
system is Cg symmetric and the spin-up and spin-down Fermi surfaces are identical (there
is no spin-valley locking). As a result, the pairing symmetry is also Cg symmetric.

In the second case we consider the t-J-U-V model which corresponds to the main result
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(a) Without spin-valley locking (b} With spin-valley locking

FIG. S5. The k-dependent SC gaps and the normal-state Fermi surfaces for two cases: (a) t-
J-U model when the Ising-type spin orbit coupling is absent and consequently there is no spin-
valley locking (triangular lattice with purely real hoppings conserving Cg symmetry); (b) ¢-J-U-V
model when the Ising type spin-orbit coupling is present leading to spin-valley locking (triangular
lattice with spin dependent complex hoppings conserving Cs symmetry). Both cases correspond to
n =1, [t| =827meV, U = 80 meV, J = 4t?/U. Additionally for (b) we take V = 22 meV and
D = 0.3 V/nm. In the lower part of the panel the Fermi surfaces are shown. Note that in the
mixed singlet-triplet state considered in (b) there are two different SC gap distributions realized in

k-space [cf. Eq. (S16)] in contrast to the situation with pure singlet pairing in (a).

from our manuscript (Fig. 2e of the manuscript), where the SOC is taken into account. Here
we take D = 0.3 V/nm which corresponds to relatively large values of the SC amplitude in
the diagram provided in Fig. 2e of the manuscript. Now the hoppings are complex are spin
dependent with the form factor ¢ ~ 77/8. Due to the presence of the spin-valley locking
the Cg symmetry is broken and we are left with a C3 symmetry and two separate Fermi
surfaces; one for spin-up and K’ valley, one for spin-down and K valley, as shown in Fig.
S5(b). According to our calculations, for this case a stable SC solution corresponds to a
mixed d + i¢d and p — ip symmetry of the gap. As one can see in Fig. S5(b) this particular

composition of the symmetry components leads to a situation in which the SC gap fulfills

12



the C3 symmetry. Moreover, there are two different SC gap distributions realized in k-space
[cf. Eq. (S16)] in contrast to the situation with pure singlet pairing in (a). This allows
for the SC gap to adjust to the shape of the two separate Fermi surfaces resulting from the
spin-valley locking. Therefore, the mixed symmetry of the gap is a straightforward result of
the spin-valley locking which leads to reduction of the symmetry from Cg to C3 and to two

separate Fermi surfaces.

|Az, (k) + A%(Kk) |AL,_ (k) — A% (k)|

FIG. S6. The k-dependent SC gaps for the case of extended s/ f mixed state which becomes stable
in the low- (n ~ 0) and high- (n & 2) electron concentration regimes and requires V' = 0 and/or

high values of J.

The obtained mixed d + id/p — ip state leads to the same free energy as the d —id/p+ip
state. Therefore, similarly as in the case of the pure d+1id pairing in the absence of the spin-
valley locking, also here we have a degeneracy. Another pairing channel which is possible in
the considered system is a mixed extended s-wave and f-wave state (cf. Fig. S6). However,
it is much more fragile and appears only for the V' = 0 case and/or for larger values of
J. If those conditions are met and extended s-wave/ f-wave state becomes stable for the
band fillings close to the empty and fully filled situations. As one can see from Fig. S6 in
this case a significant SC gap can be opened if the Fermi surfaces are relatively small and
located at the I' point or the K and K’ points of the Brillouin zone. Such situation appears
for very low and very high electron concentrations which is not the case considered in our
manuscript since we focus on n € [0.8,1.2].

It should be emphasized that in the obtained mixed state, the opposite signs of the

imaginary part in the d &+ id and p F ip amplitudes are of crucial importance. Only in such
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Ak + A k)

FIG. S7. The k-dependent SC gaps for the case of hypothetical d + id/p + ip mixed state. As
one can see in such case Cy symmetry is realized not the Cs which corresponds to our system
with spin-valley locking. Therefore, such pairing channel is not likely to be realized here. The

presented distributions have been obtained by setting the amplitudes A%, ., =1 and Al =0.5

S
d+i p+ip

and correspond to a representative situation.

case can one obtain an SC gap which realizes the C3 symmetry resulting from the spin-valley
locking. For the sake of clarity, in Fig. S7 we show the k-dependence of the SC gap for a
hypothetical mixed d + id/p + ip state which is not a result of self-consistent calculations

but has been determined by assuming A, ,; = 1 and AJ_ ;= 0.5. As one can see here, a C,

p+ip
symmetry is realized. Stabilization of such a state would require some additional symmetry

breaking, which is not energetically favorable according to our calculations.

It should be noted that instabilities towards mixed singlet-triplet pairing of d/p- as well
as extended s/ f- type have been also reported by using functional renormalization group
(FRG) [22, 23] as well as density matrix renormalization group (DMRG) [24] methods for
the case of tWSe, within a single- and three- band pictures. Moreover, recent studies
carried out within the continuum model have shown that for non-zero displacement field,
the leading pairing instability corresponds to the two-dimensional E representation which
similarly gives rise to a chiral mixed singlet /triplet superconducting channels in large regime
of parameters [25, 26]. However, in contrast to our results, Ref. [25] shows a transition to a
time-reversal symmetric nematic state at high values of displacement field. Such transition
might originate from the details of the continuum model which are not captured by the

effective single-band approach taken here. Nevertheless, according to the experimental data,
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the SC state is contained in a relatively small range of band fillings and displacement fields.
Therefore, it is not completely clear if the regime of large D values at which the transition
to the namatic phase could appear according to Ref. [25], is reached.

Finally, apart from the symmetry related aspect, the effect of the spin-valley locking on
the paired state appears also via the density of states. Namely, as discussed in Section I,
the displacement field tunes the spin-valley locking, which affects the location of the Van
Hove singularity. As discussed in detail in the main part of the manuscript |cf Fig. 2(e,j) of
the manuscript|, the SC state is stabilized at the crossing between the Van Hove singularity
and the half-filling. This is due to the fact, that high values of the density of states enhance
superconductivity, and additionally half-filling provides large renormalization which also
stabilizes pairing. The maximal pairing amplitudes and, therefore, the most stable SC state
appear for n = 1 and D ~ 0.3—0.35 V/nm. As one can see in Fig. S5(b) which corresponds
to this regime, the Fermi surfaces almost reach the K and K’ points and the spin splitting
is well pronounced. This is due to the fact that the Fermi energy is in the proximity of
thee Van Hove singularity, hence, we are close to the transition point between the closed

electron-like Fermi surfaces and opened hole-like Fermi surfaces.

III. TOPOLOGICAL PROPERTIES

To identify the topological properties of the obtained paired state we have calculated the
Chern number by using the the Brillouin zone triangulation method [27]. According to our
calculations in the relevant range of parameters corresponding to Fig. 2(e,j) in the main
text of the manuscript, the superconducting state is nontrivial topologically with the Chern
number C' = 4. For clarity we revisit here the mentioned diagram slightly zoomed in Fig.
S8. As one can see, the sign change of C' appears at the line representing the Van Hove
singularity.

To analyze further the topological nature of the obtained paired state we consider two
representative sets of parameters which are marked by green dots in Fig. S8(a). In Fig.
S9 we provide the corresponding k-dependent SC gap as well as the normal state Fermi
surfaces. As one can see, there are points at which the SC gap closes which are called nodal
points. Each nodal point carries a topological charge (Chern charge). The Chern number

of the superconducting state is equal to the sum of the topological charge contained in the
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FIG. S8. (a) The SC gap amplitude as a function of band filling and displacement field for the
case of U = 80 meV, J = 4t2/U, V = 22 meV (the same model parameters as in Fig. 2e in the
main text of the manuscript). Here we provide only the d + id singlet component since the triplet
one shows the same behavior but is approximately twice smaller. The white dashed line is a guide
to the eye denoting the stability range of the SC state. The two green points correspond to the
two representative n and D values leading to C' = £4 and selected for the detailed analysis of the
topological features provided on Fig. S9. (b) The phase diagram which shows the calculated values

of the Chern number characterizing the obtained superconducting state.

normal-state Fermi surface. Namely,

C= > (-1)"C, (S20)

i€EQpg

where C; is the topological charge of a given nodal point which can be determined by
calculating the winding number of the order parameter around it. The sign of the Chern
charge depends on whether it is enclosed by an electron- (w = 0) or hole-like (w = 1) Fermi
surface. The 7 index runs only over the nodal points that are contained inside the Fermi
surface.

As one can see, the spin up and spin down Fermi surfaces introduce the Chern number
equal £2 each, which in total gives +4. Moreover, the positive (negative) Chern number
corresponds to electron-like (hole-like) Fermi surfaces centered at I' point (K and K’ points).
That is why the sign change of the Chern number in the diagram presented in Fig. S8(b)
appears at the line representing the Van Hove singularity. As discussed in detail in Section I,

the Van Hove singularity line represents the transition between the electron-like and hole-like
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FIG. S9. The normal-state Fermi surfaces for spin-up and -down (blue and red solid lines) electrons
as well as the k-dependent SC gaps for two selected values of n and D, which are marked by green
dots in Fig. S8 and correspond to following values of the Chern number: C' = —4 (a), C = 4
(b). Note, that the value of the Chern number is simply the sum of the Chern charges contained
inside the spin-up and -down Fermi surfaces (marked by the colored dots). The arrows at the Fermi
surfaces represent the winding direction which is counterclockwise (clockwise) for the electron-like

(hole-like) Fermi surfaces. Note that the signs of the Chern charges depend on the winding direction.

Fermi surfaces, which, as shown here, also leads to sign change of the Chern number.
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Articles overview

4.3 Superconductivity in moiré transition metal dichalco-
genide bilayers: comparison of two distinct theoretical

approaches

This work investigates SC in tWSe; bilayer within two distinct theoretical frameworks,
the negative-U Hubbard model and the 7-J-U model. The study is motivated by recent
experimental observations of SC in TMD moiré bilayers.

The negative-U Hubbard model represents a conventional approach based on onsite
attractive interaction, leading to an isotropic s-wave superconducting gap. In this framework,
SC is primarily governed by the DOS and is enhanced near the VHS. However, this behavior
does not fully reproduce experimental observations, which indicate SC predominantly near
half filling and only in relatively small range of displacement fields. In contrast, the t-J-U
model incorporates strong electron correlations through onsite Coulomb repulsion and inter-
site kinetic exchange interactions. Within this approach, SC emerges from an unconventional
pairing mechanism with mixed d + id (singlet) and p —ip (triplet) symmetry. The inclusion of
correlation effects via the Gutzwiller approximation leads to significant renormalization of
the electronic parameters, particularly near half filling. These renormalization effects favor
SC in the moderately correlated regime (U < W), while strong correlations suppress pairing at
half-filling due to proximity to an insulating state. A key outcome of this work is that, while
both models predict enhancement of SC near the VHS, only the #-J-U framework captures
the experimentally observed localization of the superconducting state at the crossing between
VHS and half-filling where both strong correlations and high DOS cooperate. Overall, the
comparison highlights the importance of electronic correlations and unconventional pairing
mechanisms in describing SC in tWSe;, suggesting that the 7-J-U model provides a more

realistic description of the experimental phase diagram.
The manuscript presented below corresponds to the arXiv preprint version of this work.

The article has been accepted for publication in Acta Physica Polonica B and is currently in

press.
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Superconductivity has recently been observed in moiré transition-metal
dichalcogenide bilayers. Here, we investigate the superconducting state in
twisted WSey using two complementary theoretical approaches. The first
is based on the negative U-Hubbard model and represents a relatively con-
ventional pairing scenario, in which strong electron—electron repulsion does
not directly affect the paired state and an isotropic s-wave gap emerges.
The second approach employs the ¢-J-U model, allowing for unconventional
gap symmetries and incorporating strong correlation effects via substantial
renormalization induced by Coulomb repulsion. We compare the key prop-
erties of the superconducting states obtained within these two frameworks
and discuss their implications in light of available experimental observa-
tions.

1. Introduction

Moiré transition metal dichalcogenide (TMD) bilayers have emerged
as a highly tunable platform for exploring correlated electron physics in
two dimensions. When two monolayers are stacked with a small twist an-
gle or lattice mismatch, long-wavelength moiré superlattices form, leading
to flat electronic bands. These systems combine strong spin—orbit cou-
pling, valley degrees of freedom, and reduced dielectric screening, giving
rise to a rich variety of interaction-driven ground states including corre-
lated insulators[1, 2, 3], topological phases[4, 5, 6, 7, 8, 9, 10], generalized
Wigner crystals[11, 12] and tunable excitonic complexes[13, 14, 15]. More-
over, recent experiments on twisted bilayer WSes and MoTes have revealed
the appearance of the superconducting phase (SC)[16, 17, 18, 19, 20, 21]. It
should be noted that TMD moiré bilayers are characterized by significant
advantages in comparison to the canonical strongly correlated electron sys-
tems such as cuprates, in which superconductivity was also identified many
years ago[22, 23]. Namely, by varying the twist angle between the layers, one

(1)
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directly controls the bandwidth and thus the strength of electronic corre-
lations, enabling continuous tuning from weak- to strong-coupling regimes.
Independent electrostatic control of the band filling through gate voltages
further allows superconductivity to be probed across distinct carrier-density
regimes. In addition, the strong spin—orbit coupling intrinsic to WSes can
be modified via an applied displacement field, altering the spin—valley lock-
ing and possibly modifying the available pairing channels. Together, these
tuning knobs make twisted bilayer WSes a uniquely flexible platform for in-
vestigating unconventional superconductivity in two dimensions, where both
the interaction scale and internal electronic structure can be engineered in
an 4n situ manner.

According to the experimental data gathered so far, the superconduc-
tivity in twisted WSey appears close to the correlated insulator, which lies
at half-filling. The paired state shows dome-like behavior as a function of
electronic concentration with the maximal critical temperature below 1 K.
For small twist angles (~ 2°) the SC state stability appears close to zero
displacement fields, while for relatively larger angles (~ 5°) some non-zero
displacement field is necessary to induce the pairing[19, 21]. Also, depend-
ing on the twist angle and the value of displacement field, both one and two
superconducting domes can be observed with changing band filling.

So far the pairing mechanism and the complete theoretical description
of the fundamental features of the superconducting phase in tWSes has not
been established. Most of the theoretical analysis emphasize the Coulomb-
interaction driven pairing both within strong and weak-to moderate interac-
tion regime which leads to an anisotropic gap in k-space and singlet-triplet
mixing[24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. However, pure spin-singlet
channel has also been considered[34, 35] and a more standard phonon medi-
ated pairing still remains a possibility and has been discussed in Ref. [36].

The main aim of this paper is to confront two distinct approaches to
the description of superconductivity as applied to the study of tWSe, and
to discuss them in the context of available experimental data. Within the
first scenario, we apply the so-called negative-U Hubbard model which was
originally proposed by Robaszkiewicz et al. and analyzed in the context
of superconducting state and charge ordering[37, 38]. Here we combined it
with an effective description of a single moié band of tWSey with the Ising-
type spin orbit coupling taken into account by the spin dependent complex
hoppings. This constitutes a relatively conventional approach and leads
in a straightforward manner to an isotropic s-wave type of pairing. Such
description can be considered as compatible with momentum independent
pairing potential similar to the one considered in the standard BCS theory
but without limiting the pairing to a narrow range of energies around the
Fermi level.
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In the second case, we revisit our recent considerations in which we
employ the t-J-U model that refers to electron pairing induced by kinetic
exchange leading to an unconventional form of the superconducting gap
realizing a mixed d + id/p — ip symmetry, which is due to the presence of
Ising type spin-orbit coupling in tWSe2[39, 33]. It should be noted that
the t-J-U model has been extensively applied to superconducting cuprates
already some time ago[40, 23] and it can be considered as evolving from
the canonical Hubbard[41, 42] and ¢-J[43, 44] model based theories within
the paradigm of strong electronic correlations. Here, we use the Gutzwiller
approximation method in order to analyze the influence of the correlation
induced renormalization effects and their influence of the resulting physical
picture.

2. Model and Method

To describe the single moiré band of twisted WSey with Ising type spin
orbit coupling in an effective manner, we consider the following single-
particle Hamiltonian

Hy =t Z elovijd é;foéja7 (1)
(ij)o

where é;ro and ¢;, are the creation and annihilation operators for the electron
with spin o at the site ¢ while (i,j) corresponds to the nearest neighbor
lattice sites at the triangular lattice. As one can see, the hoppings are both
spin- and direction-dependent with ¢ = 1 (o0 = —1) corresponding to spin
up (spin down) and v;; = =1 depending on the hopping direction [cf. Fig.
1 (a)].

It should be noted that within such an effective single band picture, the
hopping amplitude ¢ and the phase factor ¢ depend on the displacement field
(D) as shown in Refs. [16, 45]. Here we take the values provided in [16]. By
changing the displacement field, one can enhance the strength of the Ising
type spin orbit coupling and influence the profile of the density of states in
the system. In Fig. 1 (b) we show the resulting evolution of the Van Hove
singularity in the (n, D)-plane, where n = ) _(n;,). The presented curve
divides the diagram into two regimes with closed (left-bottom) and opened
(right-upper) spin-split Fermi surfaces. For the sake of clarity in Fig. 1 (c)
and (d) we provide the density of states at the Fermi level as a function
of band filling for two selected displacement fields, where the shift of the
Van Hove singularity from higher to lower band fillings is visualized with
increasing D.

In this study, the single particle part provided above is supplemented
with an interaction part in order to analyze the fundamental features of the
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Fig.1. (a) The values of the direction dependent factor v;; = 1 corresponding to
the nearest neighbor hoppings on a triangular lattice which determines the sign of
the complex phase appearing in Eq. (1). (b) The evolution of the Van Hove singu-
larity in the (n, D)-plane. Note that the resulting curve divides the diagram into
two regimes with closed (left-bottom) and opened (right-upper) spin-split Fermi
surfaces. (c) and (d) Density of states at the Fermi level as a function of band
filling for two selected values of the displacement field, D.

superconducting state. Therefore the resulting Hamiltonian has the general

form
H = Hy + H;, (2)

where H; constitutes the interaction part. In the following, we describe the
two theoretical approaches which differ by the form of the interaction term
and correspond to the negative U-Hubbard model in connection with the
Hartree-Fock method as well as the ¢t-J-U model with the application of the
Gutzwiller approximation method.

2.1. Negative U-Hubbard model

First we consider the interaction part of our model in the form of the
negative U-Hubbard term

H = Uzﬁmﬁu’ (3)

where n;, = é;raéig and U < 0 leading to an attractive onsite interaction
which results in superconducting pairing in a straightforward manner as
shown below. After the application of the Hartree-Fock approximation with
the inclusion of the anomalous expectation values, the interaction term takes
the form

2
Ao kA A SIS n ~ N~ 2 n
HI_E (A CZ-TCZ¢+ACNCZ.T)—{—U§ § nw—ﬁ\m - NU—, (4)
10

(2



main  printed on May 7, 2026 5

where N is the number of lattice sites and we have introduced the onsite
pairing amplitude A; = U(¢;¢4). Also, since we consider a homogeneous,
non-magnetic state, we take A; = A and (f,) = n/2. For the sake of con-
venience, we additionally determine the pure anomalous expectation value
A = A/U, which is going to be useful further on when comparing the re-
sults coming from the two considered here approaches. Moreover, the second
summation in the above equation can be dropped since it only shifts the
energy scale of the considered band and therefore in the considered single
band case it does not have any influence on the physics of the model.

After the transformation to reciprocal space we can write the full Hamil-
tonian in a compact form

I:I _ 1 Z <6LJ é_k(—,) EkUN— M O'A ffka
2 = o A* —€_ x5 + 1 -

(5)

N~ n?

+D (ko = 1) = AP = NU,
ko

where & = —o and we have supplemented the model with the chemical po-
tential contribution (—p ), 7is). As one can see, onsite pairing amplitudes
A correspond to coupling between the electron- and hole-like dispersion re-
lations which leads to gap opening in the resulting band structure. The
standard Bogolubov-de Gennes approach can be applied to the Hamilto-
nian given by Eq. (5) in order to derive the self consistent equations for
the superconducting gap and chemical potential, which than can be solved
numerically.

2.2. The t-J-U model

As the second scenario considered here we revisit the t-J-U model as
applied to the single band effective description of the twisted WSez[25, 33].
In this case the interaction part of the model is taken in the form

Hy=J Z’ (Sfé’j + cos (2v35¢) Z Sf“S']O‘
(i5) =T,y (6)

+ sin (2Vzg¢)(sz X g]) : 2) + UzﬁiTﬁii7

where S; is the spin—% operator while J > 0 and U > 0 correspond to

intersite kinetic exchange and onsite Coulomb repulsion, respectively. The
presented form of the kinetic exchange term can be obtained when deriving
the t-J model form the Hubbard model description of a single moiré band
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of tWSes. The considered ¢-J-U Hamiltonian can be viewed as an effective
framework appropriate for regimes where U is large but finite, and double
occupancies remains small yet nonvanishing. Under these conditions, the
Hubbard U term must be retained in the Hamiltonian, while the kinetic
spin—spin exchange interaction already starts to develop. The ¢-J-U model
is therefore used to explicitly capture both contributions. It should be noted
that, here the kinetic exchange term differs from the one obtained originally
by Spalek et al[43] due to the appearance of the additional Dzyaloshinskii-
Moriya-type of term. Such a form is a straightforward result of the Ising
type spin orbit coupling which is characteristic to tWSes and is taken into
account via spin and direction dependent complex hoppings.

In order to take into account the electron-electron correlations within
such approach we consider the Gutzwiller variational wave function in the

following form
W) =[] D NirlDia(T[Wo), (7)
i T

where |¥() is the uncorrelated (mean-field) state and ¢ runs over all the
lattice sites, |T') corresponds to the local basis [T') € {|0), | 1), | 1), | T4
)}, and A\;r are the variational parameters. Similarly as in the previous
subsection, also here we consider a homogeneous, non-magnetic state, thus
Air = Ar and A\, = A;. As shown by Biinemann et al., one can impose
an additional condition to the correlation operator, in order to reduce the
complexity of the numerical calculations [46]. Within the infinite dimensions
approximation (Gutzwiller approximation), the expectation value of our
Hamiltonian in the |¥¢) state takes the form

(e =3 Plioléh tiayo + X TS (; > 7 eintl a0

ij (4) o (8)
+ i > oo ally >0> +ALU D (Rirfiy)o,

oo’ i

where ¢ = As(Aryn/2 + Ag(1 — n/2)) and (6)¢ stands for the expectation
value of the 6 operator in the state |1)p). Using the standard Wick’s theorem,
all four-operator expectation values appearing on the right-hand side of the
above equation can be decomposed. As a result, <ﬁ )G can be written as a
function of n, the electron hopping [P;jo = (é;-raéj(,)o] and Cooper pairing
mean-field parameters [SZ‘-’]-"/ = (CizCjor)0)- In order to determine the values
of those mean fields we apply the Effective Hamiltonian Scheme[47]. Within
such approach the minimization condition of the ground state energy, <lﬁI et
leads to an effective Hamiltonian which can be treated within the Bogilubov-
de Gennes formalism as shown in some more detail in Refs. [25, 33].
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It should be noted that the anomalous expectation values in the cor-
related state can be extracted from the non-correlated counterparts with
the use of the following relation: A?j"/ = (CioCjor)q = q2<éwéj0/>o. After
determining the correlated pairing amplitudes to all nearest neighbors one
can extract the so-called symmetry resolved gap amplitudes correspond-
ing to different pairing symmetries, which are going to be analyzed in the
following Section.

3. Results

At first we analyze the results obtained from the negative U-Hubbard
model as applied to the tWSes. As mentioned in the introduction from the
experimental perspective the considered twisted bilayer structure is placed
in between two electrodes which allows to change the band filling (n) as
well as the bias voltage across the bilayer (D) in an in situ manner. In
order to relate our theoretical results with the available experimental data
we have calculated the amplitude of the superconducting gap as a function
of both n and D which we show in Fig. 2 for three selected values of U.
For relatively large negative U the isotropic s-wave SC state appears to be
stable in a significant area of the phase diagram. Since U plays the role of
the pairing strength, while decreasing it, the superconductivity is becoming
less and less robust. In particular, for U = —6 meV the SC state survives
only in close proximity of the Van Hove singularity line which is marked
in blue. For such a case, the high values of density of states generated by
the Van Hove singularity are necessary to stabilize superconductivity. For
completeness, in Fig. 2 (d) and (e) we show the SC gap as a function of
n and D separately along the cuts represented by the red arrows in Fig.
2 (c). Note, that the visible dome-like behavior of the gap amplitude A
with increasing n and D is in qualitative agreement with the experimental
data[18, 17]. This is due to a trivial effect related with the enhancement
of the SC pairing by large values of the density of states, which correspond
ton ~ 1 and D ~ 0.35 V/nm. Nevertheless, the calculated phase diagram
in Fig. 2 does not reproduce the one observed in experiments. Since in
the latter case the appearance of the paired state is reported only close to
half-filling, while in the former, superconductivity stays stable around the
Van Hove singularity line even away from the n = 1 situation.

Next, we analyze the results obtained within the ¢-J-U model in connec-
tion with the Gutzwiller approximation method. The first difference with
respect to the previous considerations stems from the fact that here the
pairing mechanism has an intersite character, meaning that the resulting
SC gap is k-dependent and can realize various symmetries. In the case con-
sidered, the stable paired state corresponds to a mixed d + id (singlet) and
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Fig.2. Superconducting gap amplitude as a function of displacement field (D)
and band filling n resulting from the nagative U-Hubbard model for three selected
values of the U parameter. The blue solid line marks the evolution of the Van Hove
singularity across the phase diagram. In (d) and (e) we show the superconducting
gap amplitude as a function of band filling and displacement field, respectively, for
two selected values of U along the cuts represented by red arrows in (c).

p — ip (triplet) channel and is topologically non-trivial with Chern num-
ber C' = +2, +4, depending on the particular set of model parameters[25].
In Fig. 3 (a) and (b) we show the calculated singlet and triplet gap am-
plitudes as a function of band filling for the case of moderate and strong
correlations, respectively. As one can see in the former case, also a single
SC dome appears similarly as for the negative U-Hubbard model, while in
the latter a two-dome structure appears with the SC state being suppressed
at half-filling due to the presence of the insulating state. An important dif-
ference between this framework and the previous one is that here the strong
onsite Coulomb repulsion generates renormalization of subsequent terms of
the Hamiltonian [cf. Eq. (8)]. The values of all the renormalization pa-
rameters are provided in Figs. 3 (d-f). As can be seen, renormalization
is the strongest near half-filling and increases with increasing Coulomb re-
pulsion U. It should be noted that the parameter )\;1 > 1 renormalizes
the kintic exchange term that is responsible for pairing, meaning that the
correlations work in favor of the SC state stabilization. Nevertheless, for
U/W > 1 the SC gap is largely suppressed at half filling due to ¢> ~ 0
(since A;’j"/ = ¢*(¢ir¢jo)). Therefore, the optimal situation for stabiliza-
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tion of the SC state is close to half-filling but in the moderately correlated
regime where U/W < 1. For comparison we have carried out calculations
with the use of the Hartree-Fock method for U/W = 1 by setting all the
renormalization parameters to 1, which leads to the resulting SC gap to be
few orders of magnitude smaller than the one shown in Fig. 3(a). It should
be noted that the effect of Van Hove singularity discussed earlier is going
to be operative also here. However, in the moderately correlated regime
the half-filled case should create favorable conditions for the appearance of
the superconducting state possibly making it especially stable in the close
proximity of the n = 1 case. This is in contrast with the result presented in
Fig. 2 where the value of the SC gap remained unchanged also away from
the half-filling provided that D is adjusted to make the Van Hove singularity
stay at the Fermi level. As we have shown very recently, after supplement-
ing the considered ¢-J-U model with a nearest neighbor Coulomb repulsion
term, which additionally suppresses the pairing in a large area of the phase
diagram[33], the SC state survives only at the crossing of the Van Hove sin-
gularity with the half-filling, where the two effects (renormalization and Van
Hove singularity) can work simultaneously in favor of the pairing leading to
a phase diagram that agrees qualitatively with the experimental data.

Fig. 3. The gap amplitudes for the obtained mixed singlet-triplet paired state as
a function of band filling (a,b) and onsite Coulomb repulsion (c) for one selected
value of displacement field D = 0.35 V/nm. Note that W a2 90 meV corresponds to
the bare band width. In (d-f) we show the corresponding renormalization factors
obtained within the Gutzwiller approximation [Eq. (8)].

4. Conclusions

We have compared two distinct approaches to the description of the
superconducting phase in a single moiré band of twisted WSey. In both
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cases, high values of the density of states stabilize superconductivity which
creates a tendency for the SC state stability regime to follow the Van Hove
singularity line at the (n,D)-phase diagram. For the case of negative U-
Hubbard model the paired state realizes a trivial s-wave symmetry of the
gap and it can become stable even away from the half-filled case provided
the displacement field is adjusted so as the high density of states-condition is
fulfilled. Such behavior is in contrast with the experimental picture, where
the SC state appears as stable only close to the half-filled scenario.

For the case of the t-J-U model calculated with the use of the Gutzwiller
approximation method, the pairing appears due to intersite kinetic exchange
leading to an exotic d + id/p — ip mixed symmetry state. Moreover, the
renormalization effects resulting from a significant onsite Coulomb repul-
sion can work in favor of the paired state close to half-filling in the mod-
erately correlated state when U < W, for which the Mott insulator is still
not well developed. This effect can cause the superconducting pairing to
be specifically stable close to half-filling. As shown in more detail in Ref.
[33], after the inclusion of the intersite Coulomb repulsion, which suppresses
the stability of the superconducting state in a large area of the phase di-
agram, one obtains a situation in which the SC state survives only at the
crossing between the Van Hove singularity line and half-filling at the (n,D)
phase diagram. In such a case, the effects of Van Hove singularity as well
as correlation induced renormalization can work simultaneously stabilizing
the paired phase only in a small area of the phase diagram in qualitative
agreement with the experimental observations.
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4.4 Unconventional superconductivity in the presence of
long-range interactions in transition metal dichalco-

genide moiré heterobilayers

In this work, we present a detailed theoretical investigation of unconventional SC in WS,/WSe;
heterobilayer particularly focusing on the role of long range interactions in different correlated

regimes. Our analysis examines whether SC can be stabilized in WS,/WSe, heterobilayers,

where strong electronic correlations and long-range Coulomb repulsion are believed to play

a dominant role. Unlike the tWSe; homobilayer, which is considered moderately corre-
lated with U /W = 1, the heterobilayer is expected to reside deeper in the strongly correlated

regime (U/W > 1). Our study employs extended ¢-J-U and 7-J models to capture the single

particle physics of moiré flat bands and correlation induced effects within the Gutzwiller

approximation.

As we show in our study, SC survives only in the strongly correlated regime near half
filling. Specifically, the effective strength of the exchange interaction is enhanced, while the
effect of the V term is reduced near half filling, thereby stabilizing the paired state. This
mechanism allows SC to persist even for relatively large V, which correspond to realistic
estimates for WS,/WSe, heterobilayers, where U /V ~ 3. In this regime, the system develops
a two dome superconducting phase structure separated by a Mott insulating state, closely
resembling features known from high 7, cuprates [25]. The role of long range hopping and
exchange interactions is also carefully examined. Longer range exchange couplings have
little effect on the stability of the SC phase, second and third nearest neighbor hoppings
reduce the density of states near Er and thus weaken the pairing strength. Nonetheless, the
fundamental character of the superconducting order parameter remains unchanged, with the
p —ip triplet component being dominant. This robustness indicates that the real space pairing
scenario is stable even when the additional terms are included in the effective Hamiltonian.
The superconducting state has a non zero Chern number C = -4, indicating its topological
nature.

Finally, our numerical calculations indicate that unconventional SC in WS,/WSe; het-
erobilayers is a realistic possibility in the strongly correlated regime. The persistence of
SC against strong V results from the renormalization effects induced by correlations, which
simultaneously suppress the detrimental V term and amplify the pairing contribution from
exchange. These findings emphasize that the WS,/WSe, heterobilayer, despite lacking direct
experimental observation of SC so far, is a highly promising platform for realizing and tuning

exotic superconducting states. Experimental verification will likely require probing in the
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Unconventional superconductivity
in the presence of long-range
interactions in transition

metal dichalcogenide moireé
heterobilayers

Waseem Akbar?, Andrzej Biborski', Louk Rademaker?3 & Michat Zegrodnik**

Transition-metal dichalcogenide (TMD) moiré systems have recently garnered much attention

as platforms for studying electron-correlation-induced effects as well as unconventional
superconductivity (SC). Here we analyze the principal features of the unconventional superconducting
state in a TMD moiré flat band in the strongly correlated regime and in the presence of significant
intersite Coulomb repulsion as well as long-range hopping and exchange interaction terms. In our
study, we use the extended versions of both the t-J-U and t-J models and apply the Gutzwiller
approximation method to incorporate the effects of electron-electron interactions. We show that

in the strongly correlated regime and close to half-filling, the superconducting state is strongly
immune to the negative effect of the V-term on the pairing, and shows a two-dome behavior with

a Mott insulating state residing at half-filling. We explain this result as originating from relatively
strong renormalization of the intersite interaction terms, caused by the significant value of the onsite
Coulomb repulsion. As we show, this mechanism allows the superconductivity to persist even for
relatively large values of V, which are characteristic for the WS, /WSe, heterobilayer. Such a result
emphasizes the potential of the WS, /WSe, heterobilayer as another candidate for unconventional SC
in the family of moiré flat band systems.

Keywords Unconventional superconductivity, Electronic correlations, Longer range interactions, Transition
metal dichalcogenides, Moiré systems

The moiré transition-metal dichalcogenide (TMD) bilayers have emerged as a versatile platform for studying
the correlated and topological phases of matter. It has been reported experimentally that those systems host rich
physics and are characterized by a high degree of tunability. The examples of recently evidenced exotic correlated
phases in this family of systems are: Mott insulating states'?, generalized Wigner crystals®*, quantum anomalous
Hall insulators®~7 as well as unconventional superconductivity>®’.

The appearance of moiré pattern of atoms in TMD bilayers can result from rotational misalignment, such as
in twisted WSe2 homobilayer (tWSe2), or due to lattice mismatch between two layers of different kind, like in the
WS2/WSe; heterobilayer!®!!. One common feature of moiré systems is the appearance of flat electronic bands!?
which are believed to be responsible for the observed electron correlation effects. This situation resembles the
one known from the so-called copper based high-temperature superconductors (HTS) in which both the Mott
insulating state and dome-like superconductivity has been reported already some time ago. The first signatures
of the superconducting state in TMD moiré systems have been reported by Wang et al for the case of tWSe2?.
Very recently strong evidence of the paired state has been shown for the same system in three other experimental
papers®>13 Ttisbelieved that tWSez is in the moderately correlated regime, with the onsite Coulomb integral being
comparable to the flat band width (U ~ W)>!. However, the actual strength of electron-electron correlations
is influenced by the twist angle, the dielectric environment of the sample, and the so-called displacement field'.
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Another example of a TMD moiré system, which bears some significant similarities with tWSez, is the WS2
/WSe: heterobilayer. In this case, it is believed that the U/W factor should be larger than in the previous case
meaning that the electron correlations are stronger!>!°. Moreover, the observation of both the Mott insulating
state at half-filling as well as the generalized Wigner-Mott crystals at fractional fillings have been reported in
recent years'’~2!. This indicates that not only the onsite repulsion but also the longer ranged Coulomb interaction
plays a central role. It should be noted that superconductivity has not been reported as of yet for the case of the
WS2/WSez heterobilayer.

When it comes to theoretical description of TMD moiré bilayers, the usual starting point is based on
the continuum model describing the topmost valley bands of the two layers (in terms of the effective mass
approximation) as well as the moiré potential and interlayer tunneling'*?2. The resulting many-band structure
can than be mapped onto a few selected bands leading to a low-energy effective model. In order to take into
account effects related with electronic correlations such approach has to be supplemented with interaction
terms leading to a Hubbard-like description. So far, the effective single-, two-, and three-band models have been
analyzed for the TMD based moiré systems!*?2-2*. Moreover, motivated by the experimental observation of SC in
tWSe,, different pairing mechanisms have been studied theoretically based on the paradigm of strong electronic
correlations?, interlayer excitonic effects?, or spin fluctuations in weak-to-moderate correlated regime**%”.

In our previous study, we have analyzed the fundamental features of the paired state within effective
single band models (¢-], t-J-U, and Hubbard) applied to the description of the tWSez system?~3! in which
superconductivity has been experimentally reported in recent years*®°. According to our analysis, the effective
description of the homobilayer case leads to an exotic form of the superconducting state with mixed d + ¢d-wave
singlet and p — ip-wave triplet symmetry of the gap. Moreover, the paired state shows a non-trivial topology
with the Chern number being C' = £4, +2 depending on the value of the perpendicular electric field (so-called
displacement field). Also, depending on the specifics of the model, both single- and two-dome behavior of the
superconducting phase has been obtained.

Here we extend our previous analysis by taking into account the intersite Coulomb repulsion as well as
long-range hopping and exchange interaction terms both within the ¢-J-U and ¢-] models. Moreover, due to
the similarities between the theoretical description of tWSez and WS2/WSe2, we analyze here the possibility
of the appearance of paired states in the latter, which has not yet been reported experimentally. The additional
motivation for considering the heterobilayer case is that both experimental observations and theoretical analysis
indicate that in this system both onsite and intersite Coulomb repulsion play significant role!>-1%21-32, Therefore,
we aim at determining the influence of such circumstance on the paired state and most importantly analyze if
the considered unconventional superconducting state can still persist in the range of significant values of the
intersite Coulomb integral within the real-space pairing scenario.

According to our analysis focused on the heterobilayer case, the SC state is predominantly of triplet character
with the stability regime residing mainly on the hole doped side of the phase diagram which is in contrast with the
homobilayer scenario. Also, pairing appears to be significantly immune to the destructive effect of the inter-site
Coulomb term for relatively large values of U and close to half filling where the correlations are the strongest. This
allows for the formation of the SC state in the parameter regime corresponding to the WS2/WSez heterobilayer.
We explain this result as originating from relatively strong renormalization of the intersite interaction terms,
caused by the significant value of the onsite Coulomb repulsion. These findings suggest that the WS2/WSe2
heterobilayer can be considered as a promising platform to realize unconventional superconductivity. However,
this would require some fine tuning of the electron-electron correlation strength, possibly by applying a twist
between the layers and/or proper selection of the dielectric environment of the system.

Model and method
We start with the effective single band ¢-J-U-V Hamiltonian of the general form

H=Ho+H;+ Hyv, (1)

with the first term being the single-particle part

H = Z tijo' éjc_éjo—, (2)
(ij)o
where éza and &;, are the creation and annihilation operators of an electron with spin o = {1, —1} occupying

a moiré orbital located at site i of a triangular lattice. The hopping parameters, ¢;;o, to the I-th nearest neighbor
can be expressed in the following form

tijo = [ti]e'7" 7%, 3)

with v;; = £1, depending on the direction of the bond. The resulting complex phase of the hoppings have
opposite sign for opposite hopping direction, fulfilling the Hermiticity condition (¢:jo = t};,) and threefold
rotational symmetry (C3) condition. Additionally, by changing the spin to the opposite one also has to reverse
all the signs of the phases, which results from the time-reversal symmetry requirement (t;jo = tfjc—,). In the
following we take into account maximally up to the third nearest-neighbor hoppings.

A single particle Hamiltonian of the form given by Eq. (2) can be used as an effective tight binding
representation of the flat valence band of a TMD heterobilayer. This has been shown by using a continuum
model approach for the WSe2/WS; system 22 It should be noted that a single TMD monolayer (WX3 with X =
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S, Se) creates a hexagonal lattice with C3 rotational symmetry and corresponds to a relatively large direct band
gap at the K and K’ points. After two different TMD monolayers are joint in a heterobilayer a moiré pattern

emerges with a new lattice constant aas = 1/, /a—l2 + a% — 2;10;29 (where a1 and a2 are the monolayer lattice
1 2

constants and 6 is the twist angle). Moreover, a mini Brillouin zone is created with the high-symmetry points

~=1(0,0), k= ( 3‘(‘1’;1 ,0), K = (dif;w , \/§2M ). Because the two monolayers have different band gaps, the top
of the valence band of the resulting structure consists of states localized in a single layer. Within the continuum
model approach, the valence band states can be described per spin/valley, by using a moiré potential V'(r). This

leads to the following continuum Hamiltonian??

hQ Q2

T 2m*

H =

+V(@), V@) =) Viepliga], @)

where @ is the momentum relative to the K and K’ points of the monolayer and
= 4 (= sin 27U=D) 2n(G=1)
g; 75 (—sin =% 3

lattice one obtains: V1 = V3 = Vsand Vo = Vi = Vi = V", After carrying out a proper momentum backfolding
procedure to the moiré mini-Brillouin zone, the moiré band structure can be calculated and than used during
the Wannierization procedure to obtain the absolute values and the complex phases of the hoppings appearing in
Eq. (2). The following values have been obtained in Ref.?? for the top valence moiré flat band of the aligned AA-
stacking of the WSe2/WSz heterobilayer with the contunuum model parameters (V,v) = (7.8 meV, —106°),
where V7 = Ve'?,

, COS are the reciprocal moiré vectors. Due to the C3 symmetry of the moiré

[t1] = 1.81meV; ¢1 = 27/3,
‘t2| =0.28 meV; ¢2 =T, (5)
‘t3| :O.llmeV; @3 =7T/3.

For the sake of completeness, the resulting dispersion relation together with the density of states of the top
valence moiré band is shown in Fig. 1. It should be emphasized that such single band description corresponds
to the absence of a perpendicular electric field. In such case the top moiré band consists of states originating
exclusively from one of the layers and it is separated by a gap from the remaining bottom bands. Since we are
focused on studying the fundamental features of the superconudcitng phase in the range of partially filled upper
band (between n = 0.5 and n = 1.2) the single band approach should be sufficient. However, for considering
the situation with non-zero displacement fields when the lower moiré bands are pushed towards the top one, a
multi-band description would be more appropriate since significant band mixing takes place. For example, it has
been shown for TMD heterobilayers that above some value of the displacement field an anomalous Quantum
Hall state can be formed® which can be reproduced only within a minimal two-band model®*3.

The second term in Eq. (1) introduces the exchange interactions and has the following form

. i o A Ao A A A
Hy=>"Jy (5555 +cos (20i51) Y, SPS5 +sin (2611)(Si x 85) - 5)7 (6)
(i5) a=z,y
where S; = (52, S;’, 57) is the spin-1 operator and ¢;;+ is the complex phase corresponding to spin-up
hopping between i and j lattice sites. As one can see in the above equation, the exchange interaction term is

supplemented by the Dzyaloshinskii-Moriya term which results from the fact that the phases of the hoppings are
spin-dependent. The primed summation means that each bond appears only once. In the following we take into

—t —

' (@] _10f ' ' " (b) ]

=+ ot .

) - ]
r | M KI/ K T 0 20IO 4(I)O 6(I)0 800

DOS (E, - p) [a.u]

Fig. 1. Dispersion relation (a) and the density of states (b) resulting from the single particle part of our
Hamiltonian (Ho), with the inclusion of hoppings up to the third nearest neighbor. Zero energy on the vertical
axis corresponds to Fermi energy level for the half-filled case. Note that the van Hove singularity is accessible
for the hole-doped situation.
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account maximally up to the third nearest neighbor exchange interaction terms. We will use the notation within
which Ji, J2, and J3 correspond to the first, second, and third nearest neighbor exchange interaction integral.
In our calculations the value of J; is determined by the equation

4|t
g = ‘UZJ , 7)
where U is the onsite Coulomb repulsion (cf. below).
The last term of our Hamiltonian corresponds to both onsite and intersite Coulomb repulsion terms, i.e.,
A 7
Hyvy :UZniTnu+VZ ning, (8)
i (i5)

where 1, = ézo ¢io is the occupation operator at site i for an electron with spin o, and 72; = ;4 + 7y is the
total occupation operator at site i. The U- and V- terms correspond to onsite and intersite Coulomb repulsion,
respectively. It should be emphasized that in this study we include onsite U, nearest-neighbor V, as well as
hopping and exchange up to third neighbors. For the sake of simplicity, we use the term “long-range” in reference
to all the terms that are beyond onsite, but it does not correspond to a truly long-range Coulomb tail.

In the following Section we study the moderately (U ~ W) and strongly correlated regime (U >> W) of the
model with the emphasis placed on the latter. Eq. (7) originates from the strong coupling expansion; therefore,
the J values should be considered as well defined for the case of U > W. At the same time for U ~ W the spin-
spin kinetic exchange interaction already begins to develop; however, its strength might be weaker. Hence, in
the moderately correlated regime, Eq. (7) should be regarded as an effective parameterization of the exchange
interaction, and the results in this regime should be viewed as qualitative. Deviations of the effective exchange
from Eq. (7), or an explicit dependence of ] on the intersite interaction V, would mainly shift the quantitative
boundaries of the obtained phase diagrams but are not expected to change the overall physical trends discussed
in this work. Moreover, the main conclusion of our study presented in the following Section is related with the
strongly correlated regime where Eq. 7 is much more justified.

It should be noted that an effective low-energy model of similar structure as described above can be
applied to the description of the twisted WSe2 homobilayer which was studied by us previously and for which
superconductivity has been identified experimentally. As already mentioned due to similarities between the two
systems it is reasonable to analyze if the superconducting state can also appear in the heterobilayer case. However,
there are also differences between the heterobilayer and homobilayer situations. Within the single-band picture
applied here, those differences lie in the values of the complex hopping parameters, the resulting band width and
the distribution of the density of states as a function of band filling. Moreover, for the case of WSe2/WS2, the
onsite Coulomb repulsion is considered to be larger (stronger correlations) and most importantly the longer-
ranged interactions are significantly more pronounced (larger values of V). As we show in the following Section
all those aspects have influence on the stability and the character of the superconducting state.

Since the considered system corresponds to a situation for which U 2 W, where W is the bare bandwidth,
we should take into account the electron-electron correlation effects by going beyond the simple mean-field
approach. In order to do that, we utilize the variational wave function of the Gutzwiller type which has the
following form

|We) = PWy). (9)

Here, |¥) represents the non-correlated (mean-field) state, and P denotes the correlation operator.
P=TID rrlr)ia(r) (10)
i T

In this expression, the index i iterates over all lattice sites, while |I") belongs to the set {|0), | 1), | 1), | TJ)},and
Ai,r represent the respective variational parameters. Previous studies have demonstrated*” that for this particular
form of the correlation operator, it is advantageous to impose an additional condition on the P; operator, namely:

P? =14 2dP", (11)

JHF ~HF ~HF ~HF
d;

where =Ny N s Ny = Nio — Nig, With nis = (Wo|fio | Vo), and x represents another variational

parameter. It can be easily demonstrated that the relation between the x and the A\ parameters appearing in Eq.
(10) is the following

)\% =14+z(1- ns)Q,

)\gzl—mns(l—ns), (12)
)\(23 =1+ zn?,
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where for simplicity we have assumed a homogeneous system devoid of any magnetic or charge ordering.
Consequently, we have A\; r = Ar and Ay = A\| = As, it = N4y = Ns. As one can see from Eq. 12 one can
treat x as the only variational parameter which determines the values of all the A parameters.

Next, in order to obtain the formula for the expectation value of our Hamiltonian,

(Vg |H|Vg)

E~ =
¢ (WelVe)

= (H)g, (13)

we utilize the diagrammatic expansion of the Gutzwiller wave function (DE-GWF)*® in the zeroth order, which
is equivalent to the Statistically Consistent Gutzwiller Approximation (SGA)*. Consequently, we obtain

(fI())G = Z q2t¢jg <éiaéjcr>07
ij

7 ! 1 102055 /At A AT A 1 1 ~HF ~HF
<HJ>G = )\451 Z ‘]U (2 Z e 2¢;5 <CIJCZ'5C}(§C]‘J>O + Z ZO’U <nig njo" >0)7 (14)
(ij) a oo’
A !
(Huv)e =X U (nangi)o+ VY (1= g2)(Rao(is)o + gi(hums)o).
i (i5)

where,

q=As ()\dns + Ap(1— ns))7

(15)
go = 1+ ans(1 —ny),

and (0)o represents the expectation value of the operator 6 in state |)). Employing the standard Wick’s theorem
decomposition allows us to express all four-operator expectation values that appear on the right-hand side of the
equations above. As one can see from Eq. (14) the expectation value of the total energy in the correlated state
(|¥¢)) can be expressed in terms of the expectation values in the non-correlated state (|¥¢)). By comparing the
Hamiltonian given by Eq. (1) and its expectation value in the Gutzwiller correlated state, one can distinguish
between the original bare hopping amplitudes ¢;;, and the renormalized correspondants determined by ¢“¢;;o-.
Similarly, the bare interaction parameters J, U, V are going to be renormalized by the AL, A}, and g; factors,
respectively. Through such renormalization, the effects related with electron-electron interactions are taken into
account. Eventually, the resulting F'¢ becomes dependent on the variational parameter x, on the average number
of particles, ns, as well as the mean field parameters for electron hopping and Cooper pairing

Pijo = (&l &jo)o, ST = (intjor)o, (16)

It is important to recognize that the expectation values in the non-correlated state, along with the variational
parameters, determine the corresponding expectation values in the correlated state. Specifically,

!
AT = (Civtiz)a = ¢ (Ciotior o,

(17)
Nijo = (el 81000 = a*(l,250)0.
In our analysis, we consider S ile and Sile separately, allowing for both pure spin-singlet pairing (S, ZJ.J' = —Sf;),

pure spin-triplet pairing (SiTji = Sﬁ), as well as their combination (|SL-¢| # |Sﬁ|). Meanwhile, we disregard

the possibility of 11 and || pairing, as the pairing mechanism is based on the kinetic exchange term, which
exhibits an antiferromagnetic nature. Additionally, pairing channels with S* = £1 would result in a mismatch
of Fermi wave vectors, which is detrimental to the formation of the superconducting state.

To determine the values of the mean fields, we utilize the Effective Hamiltonian Scheme?®. More details of the
approach are provided in Appendix. It entails minimizing the ground state energy (13) and results in an effective
Hamiltonian which can than be treated in a standard manner analogous to the Bogoliubov-de Gennes approach
as shown by us in Ref.?. This leads to a set of self-consistent equations governing the mean-field parameters [Eq.
(16)] as well as an additional condition for the minimization of energy in the variational parameter x. Through
a numerical solution of the set of self-consistent equations, we ascertain the hopping and pairing amplitudes for
the six nearest neighbors in the non-correlated state. Subsequently, to derive the correlated state counterparts,
we employ Eq. (17). Similarly to our previous investigations?®?%, we discern the symmetry of the resulting paired
state by converting the six real-space nearest neighbor pairing amplitudes into six symmetry-resolved pairing
amplitudes.

Within the described procedure which we apply for the t-J-U-V Hamiltonian, the number of double
occupancies can be non-zero, however, it is suppressed significantly by the presence of the onsite U-term via the
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minimization procedure over the variational parameter x. On the other hand, for the case of the #-J-V model
which should be considered as describing a large U-limit, the double occupancies are completely projected out.
This requires the x parameter to have a particular value which depends only on n; via the following equations

1
forns < 0.5 :)‘Ti =0 == 7(1_7,”/5)27
1 (18)
forns >05: =0 =2 = ——

By fulfilling above equations we impose the constraint that below (above) half-filling the doublons (holons) are
prohibited.

Results

Superconductivity in the t-J-U-V model

The actual values of the onsite (U) and intersite (V) Coulomb repulsion integrals of our model depend on the
dielectric environment of the sample and are very difficult to be determined exactly. However, the experimental
observation of the generalized Wigner crystals and Mott insulating states in WS2/WSez heterobilayers indicates
at least U 2 W (W =~ 16.3 meV) and a significant value of the parameter V > ¢17-1%21:32, More concrete
experimental estimates of the onsite Coulomb repulsion give U =~ 20 — 30 meV'**. At the same time, a
rough estimate can also be determined by using the following equation U = €®/(4mepecnL), where, L = 8
nm corresponds to angle-aligned moiré lattice constant (= Wannier orbital size scale), and e.q ~ 3 — 5 (for
hBN'?). This leads to U ~ 36 — 60 meV. Furthermore, according to previous theoretical estimates, one should
consider U/V = 31° as realistic.

In the following we examine the properties of an angle-aligned system in the absence of the displacement
field as a function of both U and V. In our discussion we focus mainly on the strongly correlated regime with
30meV < U < 40meV and the V' = U/3 case. Nevertheless, one should keep in mind that the actual values
of the Coulomb interaction strength can be tuned experimentally by applying an additional twist angle (smaller
angles lead to larger U) and changing the dielectric environment of the sample (stronger screening gives smaller
U).
We start with the calculated gap amplitudes as a function of # in Fig. 2 for three selected values of U which
correspond to the moderately correlated regime with U S W (a), and U 2 W (b), as well as to the strongly
correlated regime with U > W (c). In this particular case we set V = 0 and we take into account only the
nearest neighbor hopping and exchange interaction terms, as the starting point of our analysis. Influence of
those adc%itional factors is going to be analyzed later on. For each value of U we determine J by using the formula
J =4Jt|*/U.

As one can see, the obtained solution represents a mixture of d+id (singlet) and p-ip (triplet) symmetry of
the gap. This situation is similar to the one which we have obtained previously in Ref.?*?° where the tWSe:
homobilayer has been considered. Nevertheless, here the dominant contribution comes from the triplet pairing.
As one can see for the strongly correlated case (c), the superconducting order parameter is suppressed at half-
filling, which is caused by the presence of the Mott insulating state. On the other hand, in the moderately
correlated regime (a,b) a single superconducting dome appears which covers the half-filled situation and now the
Mott insulating state is absent. The maximum of the pairing amplitudes seen in the low concentrations regime
corresponds to the van Hove singularity, where the high value of the density of states enhances SC. Moreover,
according to the numerical determination of the Chern number, the obtained SC state is topologically non-
trivial. The Chern number is evaluated following exactly the same procedure as adopted in our previous work®
where the Bogoliubov-de Gennes Hamiltonian is constructed in momentum space and the Chern number is
computed from the occupied (negative-energy) BdG bands using the Brillouin zone triangulation method*’.

U= =19. =</
0.06 . 14 ImeV . 0.06 IU 19|2meVI 0.06 IU 27|19 me\I/
(@ N (b) ©
— | d+id‘
0.04 A 11 0.04F 0.04 -
. p-ip
g
0.02 4 0.02F 0.02
0 1 0 1 1 1 0 1 1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
n n n

Fig. 2. Symmetry resolved superconducting gap amplitudes corresponding to the spin-singlet d + id and
spin-triplet p — ip symmetries as functions of band filling # for selected values of the on-site Coulomb
repulsion U = 14 meV (J = 0.936 meV) (a), U = 19.2 meV (J = 0.682 meV) (b) and U = 27.19 meV

(J = 0.482 meV) (c). The results have been obtained with the inclusion of the nearest neighbor hoppings and
exchange interaction terms only.
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Fig. 3. Symmetry resolved superconducting gap amplitudes for the spin-singlet d + id and spin-triplet

p — ip pairing as a function of band filling » and intersite Coulomb integral V for selected values of the on-
site Coulomb repulsion U = 14 meV (J = 0.936 meV) (a,b), U = 19.2 meV (J = 0.682 meV) (¢, d), and
U =27.19meV (J = 0.482 meV) (e, f).
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Fig. 4. The renormalization parameters which correspond to the exchange interaction term (a) and the inter-
site Coulomb repulsion term (b) for three selected values of the onsite Coulomb repulsion term (shown in the
Figure). The results correspond to the V' = 10 meV situation within the ¢-J-U-V model.

The obtained value of the Chern number C' = —4 persists throughout the entire obtained stability region of the
superconducting phase in all the cases considered in the present work.

Subsequently, we analyze the influence of the intersite Coulomb repulsion term (~ V') on the superconducting
state. In Fig. 3 we show both the spin-singlet and spin-triplet gap amplitudes as functions of n and V again for the
three selected values of U. As one can see from Fig. 3, the intersite Coulomb repulsion term suppresses the pairing.
Such situation is expected since we are considering a real-space pairing scenario in which the opening of the gap
in the superconducting state results from nonzero nearest neighbor intersite pairing amplitudes defined by Eq.
(17). Therefore, the repulsive V-term which also operates at the nearest-neighbor lattice sites should introduce
a pair-breaking mechanism. Hence, there is a competition between the exchange interaction term ~ J which
stabilizes the superconducting state and the V-term which suppresses it. Interestingly, the negative influence of
the intersite Coulomb term on the pairing is the strongest for the case where the SC gap is the highest among the
three considered situations (the smallest values of U). It should be noted that the experimental observation of the
generalized Wigner-Mott crystals at fractional fillings of WS2/WSe> heterobilayer indicates a significant value
of the parameter V7-12132 According to previous theoretical estimates, one should consider U/V = 31° as
realistic, which would mean that in the moderately correlated regime (a,b,c,d) the pairing would be completely
suppressed by Coulomb repulsion between neighboring sites. However, according to our calculations, in the
strongly correlated regime (e,f) and close to half-filling, the superconducting phase is very persistent against the
destructive character of the V-term. As we show here, the SC phase survives even above the value of V = U/3.
Based on the mechanism shown here it is possible to determine an analytical formula which determines the area
of the (n,V) phase diagram in which the SC state can be stable. However, this can only be done for a simplified
case of purely real hoppings and when the double occupancies are completely projected out from the system (-
J-V model case). We show those considerations in the Appendix for completeness.

To analyze the origin of the effect shown in Fig. 3e, f where SC seems to be strongly immune to the negative
influence of the V-term, we show in Fig. 4 the renormalization parameters which tune the actual values of
the exchange interaction integral (a) and the intersite Coulomb repulsion integral (b) [cf. Eq. (14)]. Via those
renormalization parameters, the electron-electron correlation effects are taken into account within the Gutzwiller
approximation applied here. As can be seen in the figure, for the strongly correlated case (U = 27.19 meV) and
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Fig. 5. Symmetry resolved superconducting gap amplitudes corresponding to the first (a), second (b) and
third (c) nearest neighbors pairings as functions of band filling (#) for selected values of the on-site Coulomb
repulsion U = 27.19 and for V' = 0 (¢-J-U model calculations). The solid line corresponds to the case when
the hopping and exchange interaction terms are taken into account up to the third nearest neighbor. For
comparison we also show the results corresponding to a limited case when only the nearest neighbor terms are
included [dashed line in (a)].
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Fig. 6. (a) Dispersion relations along the high symmetry directions in the Brillouin zone. (b) Density of states
at the fermi level as a function of band filling. The dashed and solid lines correspond to the single-particle
Hamiltonian Ho with the hoppings taken up to the first nearest-neighbor and up to the third nearest neighbor.

close to half-filling (n ~ 1), the destructive influence of the V-term is significantly reduced due to significant
negative renormalization (small values of g2). Atthe same time, the J-term is enhanced via positive renormalization
(large values A2). Both effects work in favor of stabilizing the superconducting pairing close to half-fillings for
strong enough correlations. Also, as we move away from half filling the renormalization parameters approach
the value of A; = 1, g, = 1 meaning that no renormalization takes place due to suppression of the electron-
electron correlation effects.

Next, we take into account the effect of long-range exchange and hopping terms on the paired state. In this
analysis, we focus on the strongly correlated regime (U = 27.19 meV) since as we show above, it corresponds to
the most promising case when it comes to the appearance of the SC state. In Fig. 5 we present the superconducting
gap amplitudes as functions of band filling calculated with the inclusion of both the hopping and exchange
interaction terms up to the third nearest neighbor. The first, second and third exchange interaction integrals
have been set to J1 = 0.482 meV, J> = 0.0115 meV, J3 = 0.00178 meV, respectively. These values have been
obtained using the equation J; = 4|t;|?/U, where I = 1,2, 3, and #; corresponds to the hopping to the I-th
nearest-neighbor defined by Eq. (5). In the considered case, apart from the symmetry-resolved nearest-neighbor
(NN) gap amplitudes shown in (a), we have also calculated the second and third nearest-neighbor counterparts,
which are provided in (b) and (c). As can be seen, the NN gap amplitude is still the dominant one, and the inclusion
of longer-range terms has not changed the resultant gap symmetry, which is still a mixture of d+id (singlet) and
p-ip (triplet). To determine the significance of the long-range terms in Fig. 5a, we provide a comparison between
the data obtained with (solid line) and without (dashed line) those additional terms. As one can see, the results
did not change qualitatively; however, the long-range terms seem to be suppressing the paired state. As we show
in Fig. 6, this negative effect is due to the second and third nearest-neighbor hoppings, which lead to a decrease
of the density of states at the Fermi level in the band filling range corresponding to the stability of the SC state.
Smaller values of the density of states weakens the pairing similarly as in the conventional superconductors.
For the sake of completeness, in Appendix we show explicitly how the SC gap amplitudes depend on particular
additional longer-range terms. Our detailed analysis shows that, apart from inducing pairing between additional
lattice sites, the longer-range exchange interactions terms do not have a significant influence on the values of the
nearest-neighbor SC amplitudes and the stability range of the paired state.

Finally, to determine the necessary conditions for the pairing to appear within the considered approach, we
calculate the gap amplitudes as a function of both # and U with the inclusion of all the considered long-range
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Fig. 7. (a) Superconducting gap amplitude for the spin-triplet p — ip pairing channel as a function onsite
Coulomb repulsion integral and band filling. Here we keep U/V = 3 and J; = 4|t;|?/U; (b) Superconducting
gap amplitude for the spin-triplet p — ip pairing channel as a function intersite Coulomb repulsion integral
and band filling for U = 40 meV. In (a) and (b) we show only the dominant triplet contribution to the pairing
since the singlet one shows the same behavior but is smaller by factor of ~ 1.5.
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Fig. 8. Schematic phase diagram showing the band filling range of the superconducting phase as obtained here
within the #-J-U-V model (marked in blue) for optimal model parameters [for U ~ 30 — 35 meV in Fig. 7a]

in comparison with the fractional fillings for which the charge/Wigner ordering (C/W) and Mott insulating
(MI) states have been reported experimentally'®!® and/or theoretically'>*! in the range between n = 0.5 and
n = 1.5.

terms. The data are presented in Fig. 7 where for each U value the exchange couplings, J, have been determined
by using Eq. (7) and V have been set by assuming a realistic U/V = 3 relation. As can be seen, in the range
25 meV S U < 40 meV the SC state is stable in a relatively wide range of band fillings, 0.9 < n < 1.0 and
1.0 S n < 1.05. For U =~ 25 meV the SC state covers a very narrow area of the phase diagram. For the sake of
completeness, in Fig. 7b we show the phase diagram in the (n,V)-plane for the case of strong Coulomb repulsion
U = 40 meV also with the inclusion of all the long-range terms. Here we see a similar behavior to that shown
in Fig. 3e, f. The final results from Fig. 7 show that by tuning the U parameter one should be able to induce the
appearance of the superconducting state in the WSe2/WS> heterobilayer. The U-range in which we obtain a
stable SC state is located in the strongly-correlated regime, with the optimal value being U ~ 2W.

It should be noted that for significant strength of the V-term one should expect the charge ordered
states and generalized Wigner crystals for certain fractional band fillings. Such states are, in fact, observed
experimentally!’~1%2132 and identified theoretically'® for the WS2/WSe: heterobilayer. As mentioned in the
previous section we assume a homogeneous situation, therefore, these effects are not taken into account within
our study. Nevertheless, as shown in Fig. 8 the stability range of the SC state, which corresponds to our result
from Fig. 7a (for U ~ 30 — 35 meV), does not coincide with the fractional filings that lead to the charge order
and Wigner-like states as reported experimentally and theoretically in other studies of the same system!>18:19:41,
Therefore, the paired state obtained by us should not be significantly altered by the presence of the mentioned
effects.

Since the considered Gutzwiller wave function corresponds to the ground state only, our results reflect the
T = 0 case. To obtain a rough estimate of the critical temperature of the obtained SC state, we apply the standard
relation known from BCS theory A(T = 0) = 1.764kgT. The calculated maximum of the joint singlet and
triplet superconducting gap amplitude (A(T = 0) = ApaxJ &~ 0.016 meV) in the strongly correlated regime
[U = 32meV from Fig. 7a] leads to T ~ 1.0 K. This value should be viewed as a rough upper bound because
our calculation is mean field in nature and neglect fluctuations. However in two-dimensional systems such as
moiré heterobilayers, thermal and phase fluctuations are expected to further suppress the actual experimental
transition temperature below the mean field estimate leading to a sub kelvin range. Although this estimate is
simple, it can be useful for experimental comparison while acknowledging the limitations of the method.

Superconductivity in the t-J-V model

For the sake of completeness, here, we provide the results obtained within the ¢-J-V model which corresponds
to the limit where the double occupancies are completely projected out. For this situation, we impose the
conditions given by Eq. (18) which determines the value of variational parameter x. The symmetry-resolved gap
amplitudes as functions of the band filling are provided in Fig. 9. Similarly as in Fig. 5, in (a) we show the results
of the calculations for which all the longer-range terms are taken into account (solid line) together with those
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Fig. 9. Symmetry resolved superconducting gap amplitudes corresponding to the first (a), second (b) and
third (c) nearest neighbor pairings as functions of band filling (1) for the case of t-] model with the inclusion
of both hoppings and exchange interactions up to the third nearest neighbor (solid lines). For comparison we
also show the results corresponding to a limited case when only the nearest neighbor hoppings and exchange
interactions are included [dashed line in (a)].
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Fig. 10. Superconducting gap amplitude for spin-triplet p — ¢p symmetry pairing channel as a function

of band filling n and intersite Coulomb potential (v) for selected J = 0.482 (U ~ 27.19 meV) with the
inclusion of hoppings up to the third nearest neighbor which corresponds to the case referred in 9(a) (solid
line) within ¢-J-V model of WS2-WSez heterobilayer. The renormalization parameters associated with the
exchange interaction (b) and inter-site Coulomb repulsion (c) are shown. Solid and dashed lines correspond to
calculations within the ¢-J-V and t-J-U-V models, respectively for the inter-site Coulomb repulsion integral of
V =9 meV.

obtained with the inclusion of only the nearest-neighbor terms (dotted line). As before, the long-range terms
weaken the superconducting phase, but they do not change the qualitative picture with mixed d+id (singlet) and
p-ip (triplet) type of pairing.

In Fig. 10, we analyze the influence of the intersite Coulomb repulsion term by showing the gap amplitudes as
functions of both n and V. Again, the situation is similar as in the case of the t-J-U-V model. However, here the
SC state is more persistent with respect to the negative influence of the V-term on superconductivity. This can
be understood in terms of the renormalization factors that modulate the interaction parameters responsible for
both the stabilization of the SC state (J) and its suppression (V). As one can see in Fig. 10b, ¢ the renormalization
parameters work in favor of the SC state in close proximity of the half-filled case. This mechanism is stronger
within the #-J-V model in comparison to the #-J-U-V model case. This is due to the fact that in the former the
double occupancies are fully projected out and maximal renormalization is realized as shown in Fig. 10b, ¢
where we compare both theoretical approaches.

Conclusions

We have carried out the analysis of principal features of the superconducting state in the TMD moiré flat band
in the strongly correlated regime and in the presence of significant intersite Coulomb repulsion as well as
long-range hopping and exchange interaction terms. In our considerations, we have focused on the effective
single-band model appropriate for the WS2/WSe2 heterobilayer. Our study reveals the stability of a topological
superconducting state characterized by a mixed singlet-triplet pairing, with the spin-triplet contribution
playing a dominant role. The long-range exchange interaction terms do not have a significant influence on the
superconducting phase, whereas the corresponding hopping terms have a visible negative effect on the pairing.
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This is because after the inclusion of the additional hoppings, the density of states at the Fermi level decreases in
the band-filling range, which corresponds to the stability of the SC state.

The intersite Coulomb term suppresses the pairing completely for the case of the moderately correlated
regime for realistic values of V, which are relatively high for the case of the considered system (WS2/WSe2
heterobilayer). However, in the strongly correlated regime (U > W), the SC state is still able to survive up to
the realistic values of the model parameters. This can be understood in terms of the renormalization induced
by the electron-electron correlations. Namely, the renormalized nearest neighbor repulsion is reduced while the
renormalized exchange is enhanced, allowing superconductivity to persist even when bare V is relatively large.
As a result, the SC state appears to be significantly immune to the destructive effect of the inter-site Coulomb
term for relatively large values of U and close to half filling where the correlations are the strongest. These findings
suggest that the WS2/WSez heterobilayer can be considered as a promising platform to realize unconventional
superconductivity. Nevertheless, this would require a detailed experimental analysis with emphasis placed on the
low-temperature regime (below 1K) and close to half-filling. The possibly necessary enhancement of electron-
electron correlations, which should stabilize the SC state according to our analysis, can be realized by tuning the
twist angle and/or modifying the dielectric environment of the sample to adjust the onsite Coulomb repulsion.
According to our analysis the optimal value of U for the stabilization of the paired state is U ~ 2.

An additional comment is in place here. Namely, as shown in Section “Model and method” within the
considered approach the correlation effects are included through Gutzwiller renormalization factors capturing
the Mott physics and other related effects arising from strong onsite repulsion, U. Nevertheless, for a more
complete description which takes into account also non-local correlations, one should go above the considered
method by taking into account Jastrov correlators within the Variational Monte Carlo (VMC) approach or carry
out the Density Matrix Renormalization Group (DMRG) analysis. The additional effects can promote competing
ordered states in certain band filling ranges, making the situation much more complex. In partricular, the
significant value of the V-term for the WS2/WSez heterobilayer should generate charge ordering or in an extreme
situation generalized Wigner crystals, which are, in fact, observed experimentally for certain fractional fillings
of the system!7~1%21:32_ This effect has been extensively analyzed by us recently by using the DMRG method*!.
Nevertheless, the stability range of the SC state obtained here does not seem to coincide with the fractional filings
that lead to the charge order/Wigner-like states as reported experimentally and theoretically in other studies of
the same system. Moreover, in close proximity of half-filling where the stability of the SC state has been obtained
here, the onsite correlations should play the decisive role, and the physical picture stemming from our analysis
should hold. Still, it would be interesting to analyze the possible interaction/competition between Wigner crystal
formation (or charge ordering) and SC state within a single theoretical framework taking also into account
the possibility of pair-density-wave*? formation by going above the Gutzwiller approximation method. This
requires much more involved analysis and is beyond the scope of this work. Here, we provide a baseline physical
mechanism for correlation driven suppression of V and enhancement of pairing near half filling on which future
studies can build.

Data availability
The data behind the figures, as well as the code that has been used for the calculations are available in open
repository®.

Appendix

Effective Hamiltonian and comparison with analytical estimates

Here we provide explicitly the form of the effective Hamiltonian as obtained in the considered situation. From
the minimization condition imposed on the ground state energy (13) one can derive the following form of the
effective Hamiltonian3®

A = Z fija@;raéja — [ Z Nio + Z/ ((Aijaz?)*éjaéié + h-C.), (19)

ijo io (ij)o

where the effective hopping, effective chemical potential, and the effective superconducting gap parameters are
defined through the corresponding relations
:  _ 0F X 0F 0F

ti jo = )
! OPijs

(20)

where . = Eg — 2ugns and pg is the chemical potential in the correlated state. The effective model
parameters have the following form

=~ )\4 * 1207 * *
tijo = q° tijo — I [2(Pijs)" €% + (Pijo)"] + g5V (Pijo)", 1)
AN OT\* )\g oa\*x 1207, TGO\ * 2 Go (22)
(A7) = _J7 [Q(Sz’j )" e — (Si) } +2Vgy (Si),
b= pe — UNins — 6Vns,. (23)
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From Eq. 22 one can explicitly see that both A% and g2 parameters modulate the two contributions to the pairing
originating from the ~ J and ~ V terms, respectively.

To analyze in more detail the influence of the ~ V' term on superconductivity, here, we consider a simplified
situation for which ¢ = 7, meaning that we have purely real, negative hoppings and an exchange interaction
term without the contribution originating from the Dzyaloshinskiia€“Moriya interaction. In such a case, the
pairing is of spin-singlet character only*®* and the SC gap in the effective Hamiltonian has the following form

3

—24%V. (24)
2 9v

(ALY = —JeaSY, Jea=J

Hence, the effective interaction works in favor of Cooper pairing when Jeg > 0, meaning that 3J\s /2 > 2g2V.
For the case of t — J — V' model when the double occupancies are projected out from the system, one can use
Egs. (12, 15 and 18) to derive the following simple form of the renormalization parameters

1_ s 1— s
for ne>05: As=1+ n‘; go=1— n7
ns ns
s N (25)
for ns<05: As=1+ i gy =1-—
1-— 1—mns

Substituting the above expressions to Eq. (24) we obtain the ns dependence of the effective pairing parameter

in the form
_9 .
for ns > 0.5: Jeﬁ' = S(J V) + ]V n ’
2(1 — ) 1—n, (26)
for ns<05: Jg= 3(J —22‘/) + 8V1 — ns.
2n3 Ns

This allows us to analytically determine the area in the (n, V) plane for a given J, for which the necessary
condition for the pairing to appear is fulfilled (Jeg > 0). In Fig. 11, the solid red line marks the boundary
between the attractive interaction that leads to pairing (below the curve) and the repulsive interaction in
which the SC state cannot be stable (above the curve). It is clearly shown that the higher the V, the narrower
the stability range of the SC state when it comes to band filling. For the sake of completeness, we also show
the numerical calculations for the considered case in the figure. The bright region which marks the stability
region of the numerically determined SC state does not exceed the analytical requirement for the pairing to
exist. The numerical data do not exactly coincide with the analytically determined condition because the latter
does not take into account the details of the electronic structure itself. Namely, the stability of the SC state is
significantly determined by the value of the density of states around the Fermi energy. For the ¢ = 7 situation
considered here, the van Hove singularity appears at the Fermi energy for n > 1. That is why the SC stability
region determined numerically is wider at the n > 1 side of the diagram. Nevertheless, the general feature of
narrowing the SC stability region with increasing V is seen both in the necessary analytic condition and the
numerical result.

Influence of the long-range hoppings and exchange interaction terms

For the sake of completeness, we analyze the significance of long-range hoppings and exchange interactions sep-
arately, for the case of the ¢-J-U model. In Fig. 12, we show the influence of the longer-range hoppings without
the inclusion of the terms J2 and J3. Furthermore, in Fig. 13 we present the dependence of the J> and J3 of the
SC gap amplitudes up to the values corresponding to ten times the realistic ones. As one can see, the influence
of the long-range hoppings is significant, while exchange terms can be neglected for the case of realistic set of
parameters, which are marked by the dashed vertical line. Therefore, the suppression of the SC gap seen in Fig.
5(a) is caused mainly by the second and third nearest-neighbor hoppings. The fact that the additional hoppinngs
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a4 o

5 0.01

0 0

0.6 0.8 1 1.2 14
n
Fig. 11. The superconducting gap amplitude of the spin-singlet d + id symmetry as a function of band filling

n and intersite Coulomb integral (V') for selected J = 0.482 (U ~ 27 meV) for the case of hoppings up to the
first nearest neighbor with the phase ¢ = 7 (purely real hoppings).

Scientific Reports|  (2026) 16:10611 | https://doi.org/10.1038/541598-026-45510-4 nature portfolio



www.nature.com/scientificreports/

0.008
__0.006F
<

0.004 |-

n=0.75 J,,J;= 0 meV
T

0.02 e 3
— | td+id|

B — 1Al
< 0.01

0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1

Fig. 12. Symmetry resolved gap amplitudes as a function of the 2nd and 3rd nearest neighbor hopping for
selected value of band filling (n = 0.75). Here we set J2 = J3 = 0 since we aim at determining the sole effect
resulting from the longer range hoppings. The ¢2 and ¢3 amplitudes are changed proportionally where 0 means
t2 = t3 = 0 and 1 corresponds to the values determined by Eq. (5).
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Fig. 13. Symmetry resolved gap amplitudes as a function of the 2nd and 3rd nearest neighbor exchange
interaction integrals for a selected value of band filling (n = 0.75). Here 2 and ¢3 are set to the values
determined by Eq. (5). The J2 and J3 amplitudes are changed proportionally where 0 means J> = J3 = 0 and
1 corresponds to the values determined by Eq. (7).

suppress the SC gap can be understood by looking at the density of states. Namely, as we show in Fig. 6 the den-
sity of states acquires smaller values in the band-filling range of the SC phase for the case where the additional
hoppings are taken into account.
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Chapter 5
Summary

The research presented in this doctoral thesis explores the intricate interplay between electron
electron interactions, topological effects and superconducting pairing in TMD bilayers.
Motivation comes from recent experimental discoveries of correlated insulating and SC
states in the moiré structures based on TMDs [8-10, 50]. These findings have opened a new
frontier in condensed matter physics, where strongly interacting electrons confined within
flat moiré minibands exhibit emergent phenomena reminiscent of high 7. SC in cuprates,
but within a highly tunable 2D platform. The central aim of this research is to construct
and analyze microscopic models that capture the essence of paired and insulating states, to
identify possible superconducting symmetries and to provide a unified theoretical framework
for interpreting the experimentally observed tunable SC in moiré TMD systems.

Our theoretical analysis is based on the —J and 7—J-U models in which superconducting
pairing results from kinetic exchange and the single particle part reconstruct is a single moiré
band with SOC characteristic for TMD-based systems. Within such effective approach, the
interplay between strong electronic correlations and SOC gives rise to exotic character of
unconventional SC characterized by mixed parity and nontrivial topological properties. In
order to treat these models, we employ the Gutzwiller variational projection technique which
lead to systematic renormalization of hopping amplitudes and interaction energies in the
presence of different degrees of electron-electron correlations and allows for the description
of unconventional superconductivity enabling direct comparison with experimental phase
diagrams.

The first major part of the research investigates topological superconductivity with mixed
singlet—triplet pairing in tWSe; homobilayer. By applying the t—J/ model on a triangular
lattice with complex spin dependent hopping integrals, it is demonstrated that supercon-
ducting domes naturally emerge on both sides of a Mott like insulating phase at half-filling.

The resulting order parameter exhibits a mixed (d +id) spin-singlet and (p —ip) spin-triplet
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gap structure, breaking time-reversal symmetry and giving rise to topologically nontrivial
phases characterized by Chern numbers C = £2, +4. These findings provide a microscopic
explanation for the experimentally observed two-dome superconducting structure and high-
light how the displacement field can tune both the singlet—triplet balance and the topological
invariant of the superconducting phase. Additionally, the study predicts extended s-wave
and f-wave phases at the edges of the phase diagram, although these are topologically
trivial. The theoretical phase transitions between topologically distinct superconducting
states under variations of carrier filling or external displacement field represent one of the
first demonstrations of tunable topological superconductivity in moiré materials.

The second main component of the research refers to the subsequent experimental reports
which showed SC for various twist angles in close proximity of half-filling in a relatively
narrow range of displacement field for tWSe;. In this part of the analysis we applied the
t—J-U-V model. In such framework, V competes with superconducting pairing, while
electronic correlations renormalize its effective impact. The calculations reveal that near
half-filling the correlation effects, mitigate the pair breaking influence of V, allowing SC to
persist even in the presence of substantial intersite repulsion. At the same time, the enhanced
density of states near VHS amplifies pairing tendencies. The displacement field tuning is
shown to shift the VHS relative to half-filling. As a result the stability of the SC state appears
in a small range of the phase diagram at the crossing between the VHS and half-filling, where
the two effects can act simultaneously, creating favorable conditions for the paired state in a
qualitative agreement with experiments.

Additionally we have also investigated the SC phase in tWSe, by comparing two distinct
theoretical approaches i.e., negative-U Hubbard model and the ¢-J-U framework. The
analysis demonstrates that the negative-U model yields a conventional isotropic s-wave
pairing concentrated around VHS. However, this behavior does not fully reproduce the
experimental observation which point to SC appearing predominantly near half-filling. The 7—
J-U approach treated with the use of Gutzwiller method captures the role of strong electronic
correlations, leading to an unconventional mixed d + id and p —ip SC state enhanced in the
proximity of half-filling due to maximized renormalization effects. These results highlight
that the interplay between VHS and electronic correlations is essential for reproducing
experimentally observed SC behavior. Overall, the study establishes that strongly correlated
frameworks provide a more realistic description of SC in moiré TMD bilayers.

Motivated by the fact that WS,/WSe, moiré heterobilayer share key flat band and
correlation features with tWSe, but differs in their hopping amplitudes and phase, we
investigated the possibility of an unconventional SC in this system. For this, we used extended

t-J-U-V and t-J-V models across moderate to strong correlation regimes, taking into account
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the long range interactions. We find that topological superconductivity survives near half-
filling only in the strong coupling regime driven by correlation induced renormalization and
dominated by p—ip triplet pairing despite the suppressing effect of V. In this regime, the
phase diagram shows two SC domes separated by a Mott insulating phase, reminiscent of
cuprates and tWSe, moiré bilayers. This part of our analysis indicates that unconventional
SC in WS,/WSe, heterobilayers is a realistic possibility in the strongly correlated regime
even though it has not been experimentally reported as yet.

Collectively, the research establishes that moiré TMD bilayers are a uniquely versatile
platform to explore the intersection of strong correlations, SOC, and topological order. The
presence of flat bands due to twist angle or lattice mismatch creates the ideal environment
for realizing interaction induced pairing. Across all models studied, the results converge on a
common theme i.e., the paired state emerges as a result of unconventional pairing mechanism
based on kinetic exchange where the spin-valley locking leads to exotic forms of order
parameter with singlet-triplet mixing and non-trivial topology. Moreover, the stability of the
paired state is determined by the interplay between the renormalization effects induced by
electron correlations and the position of the Van Hove singularity.

Future Outlook. The research presented in this thesis opens numerous pathways for
further theoretical and experimental investigations. One promising direction is to extend the
models to include explicit multiorbital and valley degrees of freedom, which could reveal
additional forms of unconventional SC pairing. Incorporating dynamical mean field theory
or quantum Monte Carlo simulations could also provide quantitative estimates of critical
temperatures and allow to take into account electronic correlation beyond the Gutzwiller
approximation.

Another important direction for future research is to combine moiré TMD superconduc-
tors with other 2D materials to make hybrid structures. Additionally, it would be interesting
to investigate the interplay between SC and other symmetry broken states such as charge- or

spin-density waves, nematic states which are observed in various moiré structures.
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